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Exam Profile (read this first)

Property Value

Duration / points 120 minutes, 50 points, in English

Allowed aids non-programmable calculator

Fundamentals questions multiple choice, exactly one correct option

(“Which statement best describes...”)

Analysis questions “Explain why...”, 3 points — answer as cause —

mechanism — consequence

Application questions mini-case, 5 points — name the technique, give a

justification, state a trade-off

Instructions on the sheet “Use the technical terms from the lecture. Do not

use abbreviations.”

Numeric answers round to 2 decimal places

The released sample exam contained a multiple-choice question on cosine similarity of embeddings (Section
2.4) and a free-text question on deduplication of training data (Section 2.1). Both sections below are therefore
treated with extra depth.
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Chapter Roadmap

This chapter explains how a large language model is built end-to-end:

1.
. How text becomes numbers: Tokenization (2.2) — Input/Output Pipeline (2.3) — Embeddings (2.4)

. How the transformer processes those numbers (2.5)

. The architectural variants used in 2024/25 models (2.6)

. How the model chooses the next token: decoding and sampling (2.7)

. How the model is pretrained (2.8) and how it adapts at runtime via in-context learning (2.9)

. How it is aligned to be helpful and safe: supervised fine-tuning, reinforcement learning from human
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8.
9.

Where the data comes from (2.1)

feedback, direct preference optimization (2.10)
Scaling laws that govern model/data/compute trade-offs (2.11)
How we evaluate the result (2.12)

Story for intuition. Imagine teaching a child a language with no grammar book — only millions of stories. Af-
ter enough reading, the child predicts words, then sentences, then jokes. It does not “understand” the world, but
its next-word predictions become eerily good. An LLM is that child, scaled to “all of Wikipedia, Reddit, GitHub,
and arXiv”. To make that work as an engineering system you need: words — numbers (tokenization, embed-
dings), numbers — context-aware numbers (attention), numbers — next-word probabilities (output projection
+ softmax), a way to pick one word (sampling), and a way to train (gradient descent, then alignment).
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Glossary of Key Terms

Term Meaning BING) Example

Token smallest unit of text the wtwsr T T 17 Fuod “playing” — [“play”,
model reads a9 “ing”]

Vocabulary the fixed set of all o Smerar (f[fre size 32k (LLaMA-2) to

Byte-Pair Encoding
(BPE)

Out-of-vocabulary
(O0V)

Embedding
Embedding matrix
Cosine similarity
Euclidean distance

Query / Key / Value

Self-attention

Causal mask
Multi-Head Attention
(MHA)
Grouped-Query
Attention (GQA)
Multi-Query Attention

(MQA)
KV cache

Feed-forward network
(FFN)
SwiGLU

LayerNorm / RMSNorm

Residual connection
Positional encoding

Rotary Position
Embedding (RoPE)

tokens the model knows
greedy merge algorithm
that builds a sub-word
vocabulary

input that no
vocabulary entry covers
dense vector
representation of a
token

lookup table of all token
vectors, E € RV*4
angle-based similarity of
two vectors
straight-line distance
between vectors

the three projections
used by attention

each token attends to
(mixes information
from) other tokens of
the same sequence
hides future positions in
decoder-only models
several attention heads
run in parallel

several query heads
share one key/value
head

all query heads share a
single key/value head
stored keys/values of
past tokens during
generation

per-position multilayer
perceptron inside a
block

gated activation used in
modern FFNs
normalization of
activations for stable
training

skip connection around
each sub-layer

injects token-order
information

encodes position by
rotating query/key pairs
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128k+ (LLaMA-3)
merge (tte”7tts77) % “eS”

byte-level BPE never
has OOV

a 4096-dimensional
vector

row = one token’s
vector
cos = u-v/([lul [v])

Ju =l

Q=XWgq, K=XW,
V=XW,

scaled dot-product
attention

upper triangle set to
—00

h = 32 heads in
LLaMA-7B
LLaMA-3 uses 8 KV
heads

extreme KV-cache
saving

makes generation O(n)
per token

expand 4%, then project
back

used in LLaMA, PaLM

RMSNorm drops
mean-centering

y = = + Sublayer(x)

sinusoidal, learned,
RoPE

rotation angle
position



Term

Meaning

BINGI

Example

Weight tying

Logits

Greedy decoding

Temperature

Top-k sampling

Top-p (nucleus)

sampling

Pretraining

Teacher forcing

Gradient accumulation

Mixed precision

In-context learning

Supervised fine-tuning
(SFT)
Reward model

Reinforcement Learning
from Human Feedback
(RLHF)

Proximal Policy
Optimization (PPO)
Direct Preference
Optimization (DPO)
Scaling law

Perplexity

Benchmark

input embedding matrix
reused as output
projection

raw, unnormalized
scores before softmax
always pick the
highest-probability
token

rescales logits before
softmax; controls
randomness

sample only among the
k most probable tokens
sample among the
smallest set with
cumulative probability
>Dp

self-supervised
next-token training on
web-scale data

training on all positions
in parallel with true
prefixes

sum gradients over
micro-batches before
one optimizer step
compute in FP16/BF16,
keep FP32 master
weights

task adaptation via
prompt examples, no
weight update

training on (instruction,
ideal answer) pairs
network scoring how
much humans would
prefer an answer
optimize the policy
against the reward
model with a KL leash
the clipped-ratio RL
algorithm used in RLHF
closed-form supervised
loss on preference pairs
predictable loss decrease
with more
parameters/data/compute
exponentiated
cross-entropy; “effective
branching factor”
standardized evaluation
set
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saves V - d parameters

one number per
vocabulary entry
deterministic, can be
repetitive

T < 1 sharper, T > 1
flatter

k = 50 typical

p = 0.90 typical

LLaMA-3: ~15 T tokens

enables parallel training

simulates large batch on
small GPU

halves memory, doubles
speed

few-shot prompting

InstructGPT step 1

trained with
Bradley—Terry loss

InstructGPT steps 2—3

clips policy ratio to 1 +
no reward model, no RL

loop
Chinchilla: D ~ 20 N

lower is better

MMLU, HumanEval,
GSM-8K



Term Meaning BINGI| Example

Contamination test data leaked into AIHIT Y WG (AL inflates benchmark
training data @Fz-cob scores
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2.1 — Training Data
What the lecture says

e Model parameters encode statistical regularities of the training corpus: grammar, world knowledge,
style, reasoning patterns, pragmatics, task templates.

o Performance collapses outside well-represented regions: “garbage in, garbage out.”

o Bias: training data inherits the internet’s biases (gender, race, language, ideology). Bias is a data-level
phenomenon — no architectural trick removes it.

o Language bias: English is massively over-represented. Rule of thumb from the lecture: no Thai data —
no Thai capability.

o Curated open datasets: Common Crawl (raw web), The Pile, RedPajama, RefinedWeb, FineWeb /
FineWeb-Edu (HuggingFace’s filtered web corpora).

« FineWeb pipeline: URL filtering — language identification — quality classification — deduplication
— tokenization.

o Scale references: GPT-3 ~ 300 B tokens (mostly English); LLaMA-3.1 ~ 15 T tokens (multilingual).
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Deduplication (extra depth — appeared as free text in the sample exam)
What it is. Removing repeated content from the training corpus, at two granularities:

1. Exact deduplication — identical documents/lines are detected by hashing (e.g., MD5/SHA of normalized
text) and all but one copy removed.

2. Near (fuzzy) deduplication — almost-identical documents (boilerplate, mirrored pages, license texts)
are detected with MinHash signatures 4 locality-sensitive hashing over n-gram shingles; documents
above a Jaccard-similarity threshold are collapsed.

Why it matters — the four-part exam answer (cause — mechanism — consequence):

1. Prevents memorization instead of generalization. A document seen 100 times receives 100x the
gradient weight, so the model memorizes it verbatim instead of learning general patterns. Consequence:
wasted capacity, verbatim regurgitation, privacy risk.

2. Stops implicit over-weighting of the duplicated distribution. Duplicates silently shift the effective
data distribution toward whatever happens to be mirrored often (spam, SEO pages, license boilerplate) —
equivalent to training extra epochs on the worst part of the web.

3. Improves compute efficiency. Every duplicated token costs the same FLOPs (Section 2.8: cost ~ 6ND)
but adds almost no new information; deduplication buys more unique tokens for the same compute budget.

4. Reduces benchmark contamination. Test sets circulate on the web; deduplication (against eval sets
too) reduces the chance the model has literally seen the exam (Section 2.12).

Trade-off to mention in an application question: aggressive near-deduplication can delete legitimately
frequent text (popular quotations, code idioms) and is computationally expensive at web scale (hence approximate
methods like MinHash rather than exact pairwise comparison).
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Code example — toy quality filter (FineWeb-style)

docs = [
"The quick brown fox jumps over the lazy dog.",
"Hi.",
"The quick brown fox jumps over the lazy dog.", # exact duplicate
"x x x x",
"Bonjour le monde.", # non-English

"Climate change is a global challenge requiring policy and innovation."
]
seen = set()
filtered = []
for d in docs:

if len(d.split()) < 5: continue # length / quality filter
if d in seen: continue  # exact deduplication (hash set)
if not d.isascii(): continue # crude language filter

seen.add(d)
filtered.append(d)
print(filtered) # 2 documents survive

The surviving 2 documents mirror what a real pipeline does: length/quality filter, exact deduplication via a hash
set, language identification.

Common mistakes

o “More data is always better.” — false if quality is bad; FineWeb-Edu (smaller, classifier-filtered) beats raw
Common Crawl.

o Forgetting that data bias compounds through later alignment stages: the reward model is also trained by
humans on top of a biased base.

2.1+ — Training Data: Bias (the missing half of Section 2.1)
What the lecture says

The model’s only goal is to minimize next-token prediction error. It therefore replicates the statistical
patterns of its data — it never evaluates whether those patterns are true or fair. Three ideas stack on top of
each other:

1. LLMs learn correlations, not truth. Any asymmetry in the data distribution becomes part of the
learned representation.

2. Bias is a property of the data distribution. Internet-scale corpora mix news, forums, and books, but
not equally — some voices dominate, so predictions favour overrepresented groups and perspectives.

3. Training amplifies bias. A small statistical asymmetry (e.g. men mentioned slightly more often in
leadership contexts) becomes a stronger, more systematic pattern in outputs. The model does not merely
reflect what it saw — it generalizes and reinforces the correlation.

The canonical example — language bias in GPT-4

The same model (GPT-4) was evaluated on MMLU translated into many languages. Result: it scores highest
in English. Why? English is overrepresented in the training data, and some languages are also intrinsically



harder to model (richer morphology, less standardized text). The capability gap is therefore a data artefact, not
a reasoning artefact — the underlying model is identical.

Intuition

A model is a mirror that has been polished unevenly: it reflects the crowd that talked the most. If 80 % of
leadership text said “he”, the model’s prior for a CEO pronoun is not 80 % — training pushes it past the data
frequency, because the optimizer rewards confident, low-loss predictions.
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Exam-style questions

o Explain why an LLM can amplify a bias that is only mild in its training data. (cause: optimizer rewards
confident low-loss predictions — mechanism: it generalizes the majority correlation and pushes probability
past the raw data frequency — consequence: a mild asymmetry becomes a systematic output pattern.)

o Application: A bank wants to use an LLM to screen loan applications. Name one risk rooted in training-
data bias, justify it, and state a mitigation trade-off. (risk: disparate impact on underrepresented groups;
Justify: data reflects historical lending bias; trade-off: filtering/Reweighting reduces bias but can lower
accuracy on the majority distribution.)

MCQs

Q1. Which statement best describes why LLMs reproduce social bias? A. They are explicitly programmed with
biased rules. B. Their training objective rewards replicating data patterns, not judging their fairness. v C. Bias
is added during tokenization. D. Larger models are immune to bias. Why: the next-token objective optimizes
pattern replication; fairness is never in the loss. A/C/D misattribute the source.

Q2. GPT-4 scores highest on English MMLU primarily because: A. English grammar is objectively simpler. B.
English is overrepresented in the training data. v* C. The benchmark was written by English speakers. D. The
model uses a different architecture for English. Why: the model is identical across languages; the differentiator
is data quantity (with language difficulty a secondary factor).

Q3. “Amplification” of bias means that: A. The model stores bias in a dedicated parameter. B. A small data
asymmetry becomes a stronger, more systematic output pattern. v' C. Bias only appears after fine-tuning. D.
The dataset is made larger. Why: amplification is about the model generalizing and reinforcing a mild correlation,
not about storage or dataset size.

2.2 — Tokenization
What the lecture says

e LLMs only consume integer IDs; tokenization is the bridge from raw text to integer sequences, detok-
enization the inverse map.

e Word-level tokenization: huge vocabulary, out-of-vocabulary problem for unseen words.

o Character-level: tiny vocabulary but very long sequences (attention cost grows quadratically in length,
Section 2.5).

o Sub-word (BPE) is the compromise. Modern LLMs use byte-level BPE on raw UTF-8 bytes — every
string is representable, so out-of-vocabulary never occurs.

o Vocabulary sizes: ~ 32k (LLaMA-2), ~ 128k (LLaMA-3), ~ 200k (GPT-4-class).

« Special tokens: begin/end-of-sequence, padding, chat-role markers (e.g., <|im_start|>).

e API cost is per token — tokenizer efficiency directly affects money. Rule of thumb: 1 token =~ 0.75
English words (fewer for morphologically rich languages).
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BPE training algorithm
input : corpus words split into characters, with an end-of-word marker </w>

output : ordered list of merge rules + final vocabulary

vocab <- set of characters

repeat until |vocab| reaches target size:
count frequency of every adjacent symbol pair across the corpus
best_pair <- the most frequent pair (ties: first encountered)
merge best_pair into one new symbol everywhere; add it to vocab

At encoding time, the learned merges are replayed in order on new text.

Worked example — full BPE merge sequence on a toy corpus

Corpus (word : frequency): low:5, lower:2, newest:6, widest:3. Initial segmentation (with end-of-word
marker </w>):

1 ow</w> x5
lower </w x2
newest</w x6
widest</w x3

Step 0 — count all adjacent pairs:

Pair Count Pair Count
(e, 8) 6+3=9 (n,e) 6
(s, t) 6+3=9 (e,w) 6
(w, e) 246=8 (w,i) 3
(1, o) 5+2=7 (i,d) 3
(0, w) 542=7 (d,e) 3
(t, </w>) 9 (e,r) 2

Merge sequence (ties broken by first appearance):

# Merge Count New symbol Corpus state after merge

1 (es9) 9 es newest</wx6,widest </w>x3
2 (es, t) 9 est newest </w>x6,w id est </w> x3
3 (est, </w>) 9 est</w> new est</w> x6,w i d est</w> x3

4 (1, 0) 7 lo lo w </w> x5,1o w e r </w> X2

5  (lo, w) 7 low low </w> x5, low e r </w> X2

Vocabulary after 5 merges: characters { es, est, est</w>, lo, low }.

Resulting tokenizations: “lowest” — [Low, est</w>] (2 tokens, even though “lowest” never appeared in the
corpus!); “low” — [low, </w>]; “newest” — [n, e, w, est</w>] until later merges create ne, new.

Why “lowering” still needs several tokens: no merge ever produced er or ing-like units from this tiny
corpus, so rare suffixes stay as characters — frequent strings get short codes, rare strings get long codes (a
compression view of BPE).
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Code example — BPE from scratch

from collections import Counter

def get_pairs(words):
pairs = Counter()
for w, freq in words.items():
symbols = w.split()

for a, b in zip(symbols, symbols[1:]):

pairs[(a, b)] += freq
return pairs

def merge(words, pair):
a, b = pair

return {w.replace(f"{a} {b}", f"{a}{b}"): f for w, f in words.items()}

words = {"1 o w </w>": 5,
"newest</w": 6,
for step in range(5):

best = get_pairs(words) .most_common(1) [0] [0]

print ("merge", step + 1, ":", best)

words = merge(words, best)

# merges: (e,s) (es,t) (est,</w>) (l,0) (lo,w)

Common mistakes / exam traps

"l ower</w": 2,
"'widest </w": 3}

e Counting characters or words instead of tokens for API cost.
o Forgetting the end-of-word marker in BPE hand calculations (the pair counts change!).
e Claiming BPE finds the optimal vocabulary — it is a greedy heuristic.
e Byte-level BPE eliminates out-of-vocabulary issues; plain word-level tokenization does not.

2.2+ — Tokenization: Vocabulary Granularity, Impact, and API Cost

Three granularity levels (memorize the trade-offs)

Level Example for “Hello” Pros Cons

Character Hello tiny vocabulary; works very long sequences;
for any language/typo; hard to capture word
no unknown words meaning

Subword (BPE) Hel lo balance of flexibility & slightly harder to train;
efficiency; handles rare depends on corpus
words by composition statistics

Word Hello intuitive, short huge vocabulary;

sequences; direct
mapping to meaning

cannot handle
unseen words;
memory heavy




Modern LLMs use subword tokenization (byte-level BPE) — it is the only level that is simultaneously compact,
OOV-free, and short-sequence.

Why vocabulary size matters (three effects)

1. Sequence length & compute. Smaller vocabulary — more tokens per sentence — longer sequences —
higher cost (attention is quadratic in sequence length).

2. Learning quality. Each token is a unit of meaning the model must learn. Frequent tokens get better
representations; rare ones stay noisy. Bad segmentation (compu + ter) blurs meaning vs. a clean computer.

3. Memory. Each token type needs its own embedding row, so a larger vocabulary directly increases model
size.

The design question the slides pose: how do we automatically build a vocabulary that keeps sequences short, covers
any word, and stays compact? — the answer is (byte-level) BPE.

API cost — the practical consequence

Different providers use different tokenizers, so the same sentence becomes a different number of tokens, and
the effective cost per word varies between providers even at the same price-per-token. Two takeaways the
slide stresses:

e The “next-word prediction” problem is really next-token prediction; vocabulary size = the model’s
output dimension (it predicts a probability over every vocabulary entry).

e Tokenizer and trained model are inseparable — you cannot swap the tokenizer after training, because
every embedding row and the output layer are tied to specific token IDs.

Worked example — token count drives cost

Sentence: “internationalization is hard”. Suppose tokenizer A (large vocab) emits 3 tokens; tokenizer B (small
vocab) emits 7 tokens. At $10 per million tokens, processing 1 million such sentences costs A = 3 M x $10/M
=830 and B=7M x $10/M = $70 — the same text, 2.33% the cost, purely from tokenization granularity.
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Exam-style questions

o Explain why two API providers can charge different effective prices for the identical input text. (cause:
each uses a different tokenizer — mechanism: the same text maps to a different token count — consequence:
tokens billed differ, so effective $/word differs.)

e Application: You must process huge volumes of German legal text cheaply. Which tokenizer property do
you optimize, and what is the trade-off? (optimize: high tokens-per-word efficiency for German — fewer
tokens, lower cost; trade-off: a German-tuned vocabulary may be larger / less efficient for other languages
and increases embedding memory.)

MCQs

Q4. Compared with word-level tokenization, character-level tokenization mainly: A. increases vocabulary size.
B. eliminates unknown words but lengthens sequences. v' C. reduces compute cost. D. makes the model bigger.
Why: characters cover everything (no OOV) but produce long sequences; vocabulary shrinks, not grows.

Q5. Why can a tokenizer not be swapped after the model is trained? A. The license forbids it. B. Embedding
rows and the output layer are bound to specific token IDs. v* C. It would change the learning rate. D. Tokenizers
are encrypted. Why: every parameter that touches token identity (input embeddings, output projection) is keyed
to the trained vocabulary.

Q6. A smaller vocabulary tends to increase which cost? A. Embedding-matrix memory. B. Per-sequence
compute, because sequences get longer. v' C. The irreducible loss. D. Disk size of the tokenizer. Why: fewer
token types — more tokens per sentence — longer sequences — more (quadratic) attention compute.
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Q7. “Vocabulary size = output dimension” means: A. the model outputs one number total. B. the final layer
produces a probability distribution over all vocabulary entries. v' C. the input is one-hot only. D. the context
window equals the vocabulary. Why: the model predicts P(next token) over the whole vocabulary, so the output
layer has one logit per token type.

2.3 — Input/Output Pipeline
What the lecture says
Inference pipeline (autoregressive loop):

text — tokenize — embed — transformer (N blocks) — unembed (LM head)
— softmax — sample next token — append — repeat until <eos> / length limit

Training pipeline (teacher forcing):

corpus — tokenize — pack into fixed-length sequences (e.g., 2048/8192)
— forward pass on all positions in parallel
— cross-entropy loss of each position's next-token prediction
— backpropagation — optimizer step

Key engineering points:

o Teacher forcing: during training, the true prefix (not the model’s own outputs) conditions every position,
so all positions are computed in parallel — this is what makes transformer pretraining feasible at scale.

e Sequence packing: many short documents are concatenated into one fixed-length stream with end-of-
sequence separators, so no compute is wasted on padding.

e KV caching at inference: keys and values of already-processed tokens are stored, so each new token
costs one forward pass over one position rather than re-encoding the entire prefix (details and memory cost
in Section 2.6).

Sl P NGB OFB! JIF I;: GHD GIF, “oF BT AGRA-SIfAD QAT (GAEHF J @3 o I[/QAS It —
aFBT (BIF @R, GBI 3790 G, WRK oiers  (GfHz-a 5ifF =t teacher forcing: s #f™Ia aife*w T TS
2o =3, ©1F GPU-® 9o we @7 Far "

Code example — minimal autoregressive generation loop

import torch, torch.nn.functional as F

@torch.no_grad()
def generate(model, tokenizer, prompt, max_new=20, temperature=1.0):
ids = torch.tensor([tokenizer.encode (prompt)])
for _ in range(max_new):
logits = model(ids)[:, -1, :] # last-position logits
probs = F.softmax(logits / temperature, dim=-1)
next_id = torch.multinomial (probs, 1)
ids = torch.cat([ids, next_id], dim=1)
if next_id.item() == tokenizer.eos_id:
break
return tokenizer.decode(ids[0].tolist())

Exam relevance

e Be able to draw both pipelines as boxes-and-arrows and name every stage with the lecture’s terms.
o Explain why training is parallel but generation is inherently sequential (each new token depends on the
previously sampled one).

11



2.3+ — The Context Window
What the lecture says
The context window length is the maximum number of tokens an LLM can process at once. Key properties:

e It is the model’s short-term memory and bounds input + generated tokens together.
e During inference, each new token is predicted only from previous tokens within the window.
o It is a fixed architectural property — set at design/training time, not a runtime knob.
e Larger windows increase latency, memory use, and cost.

When the limit is hit, older tokens are handled by one of: dropping them, replacing them with a summary,
or moving them into a database (RAG) — foreshadowing Chapter 4.

Model  Context window (tokens)

GPT-1 512
GPT-2 1024
GPT-3 2048
GPT-4 32,768

Intuition

The context window is the size of the desk you can spread papers on. Anything you push off the edge is gone
unless you first summarize it onto a sticky note (summary) or file it in a cabinet you can fetch from later (RAG).

A JIAT: FAOGHG BTN = WO FHOIT GFS, TR 9T TS G (37906 + WISHo[B) (TS SAF OF A Tt
@Bt Frorersts (architectural) s, IHETT IR AW AT ST R AR GIEFA: IM (ST 2T/ SRIRTT Foi1ea =7/
@It (RAG) S 23 3% B3rsl = Q@ 435 @ latency

Exam-style questions

o Explain why doubling the context window more than doubles the compute per step. (cause: self-attention
compares every token with every other — mechanism: cost grows with the square of sequence length —
consequence: 2x tokens ~ 4x attention compute.)

e Application: A chatbot must “remember” a 200-page manual that exceeds its context window. Name the
technique, justify it, state a trade-off. (technique: retrieval-augmented generation; justify: store the manual
externally and fetch only relevant chunks per query; trade-off: retrieval errors / extra latency vs. fitting
everything in-context.)

MCQs

Q8. The context window is best described as: A. the model’s long-term memory stored in weights. B. the
maximum number of tokens (input + output) processable at once. v C. the vocabulary size. D. the number of
layers. Why: it bounds the combined input+generated token count for a single forward/generation pass.

Q9. When the context window overflows, which is not a standard strategy from the slides? A. Drop the oldest
tokens. B. Summarize older tokens. C. Move older tokens into a database (RAG). D. Automatically expand
the window at runtime. v Why: the window is a fixed architectural property; you cannot simply enlarge it at
inference — you manage the overflow instead.

Q10. Larger context windows primarily increase: A. irreducible loss. B. latency, memory, and cost. v" C.
vocabulary size. D. the learning rate. Why: more tokens in attention means more memory and compute, hence
higher latency and cost.
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2.4 — Embeddings
What the lecture says

e Token IDs are arbitrary integers; the numeric distance between IDs is meaningless.

« Solution: an embedding matrix £ € RV*¢; the model looks up row 4 for token ID 4. Looking up row i
is mathematically identical to multiplying E by the one-hot vector of token i.

o One-hot vectors cannot express similarity (all pairs are equally distant, all dot products zero); trained
embeddings can — similar tokens end up with similar vectors, enabling vector arithmetic (“king — man
+ woman =~ queen”).

o Embeddings are trained jointly with the transformer by backpropagation; they also power retrieval (Chap-
ter 4) and classification.

& TG G W3S 1917 7 1918 #aif syt a1 Siond W &It et (73 — S aAfSf6 G aFor o1l (@9
ST T, (T6I OFF “NRT Wetad oo’ TRy ST T (@FF IRFIE A one-hot FFF @3 e 471 7HI2 A1, FFA 7]
(SIS uag N

Similarity measures — definitions and symbols

Cosine similarity (angle-based, ignores vector length):

u-v

cos(u,v) = —— € [—1,1]
o]
Euclidean distance (straight-line, length-sensitive):
d(u,v) = Ju—vly = /3, (u; —v;)* € [0,00)
Symbol Meaning
v =) u; dot product (sum of element-wise products)
|ul = Vu-u Euclidean norm (length) of u

cos =+1/0/ —1 same direction / orthogonal / opposite direction

Worked example — cosine vs. Euclidean on 3-D vectors (2 decimals)
Let u = (1,2,2), v=(2,3,6), w=(2,—1,0).
Norms: [u| = v1+4+4=3.00, [v] = v4+9+36=7.00, [w| = v4+1+0=2.24.
Cosine similarities:
e u-v=1-2+2-34+2-6=20, so0 cos(u,v)*L @20.95.

T 3.00x7.00 21
o u-w=2—240=0, so cos(u,w) = 0.00 (orthogonal — no semantic similarity).

Euclidean distances:

o du,v)=/(1-22+(2-32+(2-62=y1+1+16=+18=14.24.

o dlu,w)=+/(1-22+2+1)2+(2-02=v1+9+4=+14=3.74.
The punchline (classic exam trap): Euclidean distance says w is closer to u than v is (3.74 < 4.24), but
cosine says v is far more similar (0.95 vs. 0.00). The two measures disagree because v points in the same

direction as w but is longer. For semantic similarity of embeddings, direction matters more than length —
hence cosine is the standard choice.
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Rank equivalence under L2 normalization

If vectors are first normalized to unit length (4 = u/|ul|), then

[t—2)> = 4-u+0-9—20-0 = 2—2cos(u,v),

a monotonically decreasing function of cosine similarity. Therefore, after normalization, ranking neighbors
by smallest Euclidean distance gives exactly the same order as ranking by largest cosine similarity.

Check with our numbers: 4 = (0.33,0.67,0.67), o = (0.29,0.43,0.86). d(i,9) = /2 — 2(0.95) = 1/0.0952 =
0.31 and d(@, @) = \/2 —2(0) = v/2 = 1.41. Now Euclidean agrees with cosine: v is the nearest neighbor. This
is why vector databases can use either metric on normalized embeddings.

AN Y EIAERT T G3 (GFEIT VLI @I — s @F 7 et @, T9-24Gr 103 @ 3SFRT It 7 11y, ©rn
(TFRI TS T [0 #ITS  SWIRee (Meal: 43 W) 13 7% o el g 57 (@%@ =t oii-5> I [ (2 — 2 cos @)
TG AIFR 27 @F 0T I — @3 ATTBo! T~ A MCQ-c® amifger

Code example

import numpy as np
def cos(a, b):
return float(a @ b) / (np.linalg.norm(a) * np.linalg.norm(b))

u, v, w = np.array([1.,2.,2.]), np.array([2.,3.,6.]), np.array([2.,-1.,0.1)

print (round(cos(u, v), 2), round(cos(u, w), 2)) #0.95 0.0
print(round(np.linalg.norm(u-v), 2), round(np.linalg.norm(u-w), 2)) # 4.2/ 3.7
un, vn = u/np.linalg.norm(u), v/np.linalg.norm(v)
print(round(np.linalg.norm(un-vn), 2), round((2-2*cos(u,v))**0.5, 2)) # 0.31 0.31

Common mistakes

e Forgetting to divide by both norms in cosine similarity.

o Assuming high cosine similarity implies small Euclidean distance for unnormalized vectors (the worked
example refutes this).

e Saying embeddings are hand-designed — they are learned parameters, trained end-to-end.

2.4+ — One-Hot vs. Learned Embeddings, and Word2Vec
One-hot representation and its limits

The simplest numeric encoding gives each token a unique position in a vocabulary-length vector. For vocabulary
["The","bank","raised","interest","rates","today"], “bank” = [0,1,0,0,0,0]. Three fatal limits:

1. Dimensionality explosion — each vector is mostly zeros; storage and compute are wasteful at vocabulary
sizes of 100k+.

2. All vectors are orthogonal — every token is equidistant from every other, so the encoding carries no
relation between words (bank is as close to loan as to banana).

3. Poor generalization — learning must start from scratch for every token; nothing is shared.

The embedding layer is a linear projection of the one-hot vector: it reduces dimensionality from V (vocab)
to d (embedding size) and introduces shared parameters. Conceptually, one-hot x embedding-matrix = “pick
that token’s row”.

14



The embedding matrix self-organizes meaning

The matrix E € R™{Vxd} is trained with all other parameters by backpropagation. Crucially: the model does
not store meaning in words — it stores meaning in the distances and directions between vectors.
Over billions of examples, tokens appearing in similar contexts get similar vectors, and an emergent geometry
appears: gender (king—queen, man—-woman), tense (walk—walked), syntax (is—was, do—did).

A subtle, exam-worthy fact: norm =~ frequency, direction ~ meaning
In embedding space, word frequency correlates with vector norm:

o Frequent words (“the”, “and”, “of”) get larger norms (more gradient updates) but point in similar
directions, forming a dense cluster near the centroid — shared generic usage, not meaning.

o Rare words (“cryptocurrency”, “neutrino”) get smaller norms but occupy distinct directions in
sparser, peripheral regions.

Mnemonic: vector length ~ generality/frequency; vector direction ~ meaning. This is exactly why
cosine similarity (direction only, length ignored) is the right tool — “car” and “automobile” share meaning
regardless of how often each appears.

Word2Vec — the historical precursor

e Objective: predict context words from a center word (skip-gram).

e Architecture: a shallow network — one-hot input — hidden layer — output probability distribution over
the vocabulary.

e Training data: word pairs within a context window. For “The bank raised interest rates to-
day”, center interest gives pairs (interest—bank), (interest—raised), (interest—rates),
(interest—today); training maximizes the probability of the true context words.

Word2Vec embeddings are static (one vector per word, no context). Transformer embeddings are the input layer
of a model that then makes them context-dependent via attention — that is the leap from 2.4 to 2.5.

gt A One-hot o3 AT =0 WA WTF — 7 *190 AT WAWT QATF AN GACY, SI3 (S ST QRAT T 91, =07
wrat e Embedding =@t @ one-hot-@3 linear projection — @ s M s MnAIfGR Wi wdgayel: Troe
wf AL AW 7Y, (CFERI yAY 8 T Wy W U9 @ oy &~ F© dgel /9994, e ~ Wl — 1 cosine (8y i) g
IfE e s = Word2Vec (skip-gram) @3 «@ems # &9, [5g o) @37 &3 (context wror)

Worked example — why cosine, not Euclidean, for “car” vs “automobile”

Let car = [4, 0] (rare, small-ish), automobile = [8, 0] (same direction, larger norm because more frequent
in this toy). Euclidean distance = [8—4| = 4.00 (looks “far”). Cosine similarity = (4-8 + 0)/(4 - 8) = 32/32
= 1.00 (identical meaning). Direction captures the synonymy; length would have wrongly separated them.

Exam-style questions

o Explain why one-hot vectors cannot express that “bank” and “loan” are related. (cause: each token sits
on its own axis — mechanism: all one-hot vectors are mutually orthogonal — consequence: every pair has
identical (zero) similarity, so no relation can be encoded.)

e Application: You observe that the very frequent token “the” has a huge embedding norm yet is se-
mantically empty. Which similarity measure protects your retrieval system, and what is the trade-off?
(measure: cosine similarity, which ignores magnitude; trade-off: you discard frequency information that
might occasionally be useful, e.g. for weighting.)

MCQs

Q11. The biggest representational limitation of one-hot vectors is that: A. they are too small. B. they are all
orthogonal, encoding no relationship between tokens. v C. they require GPUs. D. they change during inference.
Why: orthogonality means equal distance between every pair — no semantic structure.
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Q12. An embedding layer can be viewed as: A. a non-linear activation. B. a linear projection that maps a
one-hot vector to its dense row. v C. a tokenizer. D. a normalization step. Why: one-hot x E selects (projects
to) the token’s learned vector; it reduces V—d with shared parameters.

Q13. In trained embedding space, a token’s vector norm most closely reflects its: A. meaning. B. position in
the sentence. C. training frequency / generality. v' D. part of speech. Why: frequent words accumulate more
gradient updates — larger norms; direction carries meaning.

Q14. Word2Vec’s skip-gram objective is to: A. predict the center word from its context. B. predict context
words from the center word. v* C. translate between languages. D. compress the vocabulary. Why: skip-gram
maximizes P(context | center); (predicting center from context is the CBOW variant).

Q15. Why is cosine similarity preferred over Euclidean distance for comparing word meanings? A. It is faster
to compute. B. It compares direction and ignores magnitude/frequency. v' C. It always returns positive values.
D. It needs no normalization. Why: meaning lives in direction; cosine ignores the norm so synonyms of different
frequency still match.

2.5 — Modelling: From Sequence Models to the Transformer

This is the longest lecture section (spans three PDFs). Storyline: recurrent sequence models — their bottleneck
— attention as the fix — throw away recurrence entirely — the transformer block — stack it.

2.5.1 RNN seq2seq and the information bottleneck

e A recurrent encoder reads the source one token at a time and compresses everything into its final hidden
state; a decoder generates from that single vector.

e Information bottleneck: a fixed-size vector cannot faithfully store arbitrarily long inputs — quality
degrades with sentence length.

o Additional RNN problems: strictly sequential computation (no parallelism over positions), vanishing
gradients over long ranges.

2.5.2 Attention for seq2seq (Bahdanau)

At each decoder step ¢, compute a relevance weight for every encoder state h; and use the weighted mixture as
a dynamic context:

ay; = softmax; (score(s,_y,h;)), ¢ = Z ;b
j

The decoder can now “look back” at all encoder positions — the bottleneck dissolves.

FigeTt A SR RNN Swee o i@1 I aF6! I1a (3R 51978 — =191 I o 2R @ (bottleneck) =mis== @7 svam:
ARST TE[E =7 (ST W 376 A *In M & ey SIFIe T Fistsawig @ 49t afsicg RNN-513 9w fieg @y s+
A e — e 57 AfEF 9P TSN =277 T T

2.5.3 Query, Key, Value — the generalization

Each token’s embedding row z; is projected three ways:

Q:XWQv K:XWK, V:XWV

¢ Query = “what am I looking for?”
e« Key = “what do I advertise about myself?”
e Value = “what content do I hand over if selected?”

A query-key dot product measures relevance; the resulting weights mix the values.
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2.5.4 Scaled dot-product self-attention

-
Attention(Q, K, V) = softmax(QK )V

Jar

Symbol Shape Meaning

X (n,d)  input token representations (n tokens)

Q (n,dy) queries

K (n,d;) keys

Vv (n,d,) values

QK' (n,n)  raw pairwise relevance scores

Vi scalar  scaling factor that keeps score variance ~ 1
output  (n,d,) context-mixed representation per token

Why divide by \/(Tk: if query and key components are independent with variance 1, each dot product is a sum
of d;, such products and has variance d;,. For large d,, raw scores become large in magnitude, softmax saturates
(one weight ~ 1, rest ~ 0), and gradients through softmax vanish. Dividing by \/CT,C restores variance ~ 1 and
keeps softmax in its sensitive region. (This is a guaranteed exam derivation.)

Causal mask (decoder-only models): before the softmax, set every score with key position > query position
(the upper triangle of QK ") to —o00, so e~ = 0 weight on future tokens. Training role: allows parallel teacher
forcing without leaking the future. Inference role: preserves autoregressive validity.

Worked example — causal self-attention fully by hand (2 tokens, d; = 2)

e=(5 V) x=(1 7). v=(57)

Step 1 — raw scores S = QK (row = query token, column = key token):

G (11400 1-140-1) _ (1 1
“\o-1+1.0 0-141-1) " (0 1

Step 2 — scale by /d, = V2 = 1.41:

Given (already projected):

, (071 0.71 B
5= (0.00 0,71> (1/V2=0.7071)

Step 3 — causal mask (token 1 must not see token 2):

s (071 —o0
5= (0.00 0.71)
Step 4 — row-wise softmax:

e Row 1: %™ =2.03, e = 0 — weights (2.03/2.03, 0) = (1.00, 0.00).
e Row 2: %99 =1.00, e*7! = 2.03; sum = 3.03 — weights (1.00/3.03, 2.03/3.03) = (0.33, 0.67).

1.00 0.00
A= <0.33 0.67)

Step 5 — output O = AV:
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e Row 1: 1.00-(1,2) + 0.00 - (3,4) = (1.00, 2.00) — token 1 can only copy its own value.
« Row 2: 0.33- (1,2) + 0.67 - (3,4) = (0.33 + 2.01, 0.66 + 2.68) = (2.34, 3.34).

.00 2.00
0= (2.34 3.34)

(Exact 4-decimal values: weights (0.3302,0.6698), output row 2 (2.34,3.34).) Output shape: (n,d,) = (2,2).

Causal self-attention weights (worked example _ic0= 2)

Query: token 1 masked

- 0.4

attention weight

Query: token 2 -
- 0.2

Key: token 1 Key: token 2 L 1 o0

Figure 1: Causal attention weights from the worked example

I [AM: GG J4F AL @ (QK ) — o (+/d),) — wrE (SRwe —o0) — softmax — Value-7 @ow-stg aaw
BIFEI M 6 @3, o3 o 8o (1, 0) — of e Value-3 % @ B8 G qomes ond: wo) e @msiaot,
wa% e /d, S T TR @ I W softmax e W (saturate), AfSrEs Tw ;T — a3 fo-arer gRFHR “Explain
why” &&d

2.5.5 Multi-head attention
head; = Attention(QWiQ, KWE vw}), MHA(Q, K, V) = Concat(head,, ..., head, ) W©

With h heads of size d;, = d/h each, total compute matches one big head, but each head can specialize (syntax,
coreference, positional patterns) — empirically better than a single head of the same total width.

2.5.6 The rest of the block

e Residual connections: y = x + Sublayer(z) — gradients flow through the identity path; enables very
deep stacks.

. _ Ttk

o LayerNorm: LN(z) = N
7, B learned. Tiny example: = = (1,3): u =2, 0> = 1 — normalized (—1.00, 1.00).

o Feed-forward network (per position): FFN(z) = W, ¢(W;z), expansion factor ~ 4 (e.g., 4096 — 16384
— 4096), activation GELU (classic) or SwiGLU (modern, Section 2.6). Holds most of the parameters; often

interpreted as key-value memory for facts.

2

v+ B with mean p and variance 0 computed per token across features;
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o Output projection / LM head + weight tying: final hidden state x unembedding matrix — logits
over the vocabulary. Tying the unembedding to the embedding matrix E T saves V - d parameters and often
improves perplexity.

o Stacking: a model = embedding + N identical blocks (e.g., 12, 32, 80) + final norm + LM head.

2.5.7 Positional encoding (why and the sinusoidal how)

Self-attention is permutation-equivariant: shuffling the input tokens just shuffles the outputs — word order
is invisible. Position must be injected explicitly.

Sinusoidal positional encoding (original transformer):

. . pos . pos
PE(pOS,2Z> :SIH(W) s PE(pOS,2Z+1) :COS(W>
Symbol Meaning
pos token position (0, 1, 2, ...)
i dimension-pair index; each pair (2, 2i+1) is one sinusoid frequency

10000%/¢  wavelength — low dims oscillate fast, high dims slowly

Worked example (d = 4, pos = 2):

« Pair i = 0: angle = 2/10000° = 2.00 rad — (sin 2, cos 2) = (0.91, —0.42).
e Pair i = 1: angle = 2/10000%/4 = 2/100 = 0.02 rad — (sin 0.02, cos 0.02) = (0.02, 1.00).

So PE(2) = (0.91,—0.42,0.02,1.00), added to the token embedding. The multi-frequency design lets relative
offsets be expressed as linear functions of the encodings; the lecture also notes the concern that adding position
vectors to embeddings slightly distorts semantics — one motivation for RoPE (Section 2.6).

Al P MG S = T T T — “FFHI AGIE INTA W “HIF FHAE IO’ O Feg 7! o1 S
TRIEIAT T WA “HIFH-ACFS (ISt FA TV ABA-@NIER A1 el 97 FI1 27 00 FF-TEF I T 189
41 PTG — WO Geq Gdo-MFB-T617 FIBIT Weot

2.5.8 NanoGPT and reading attention maps (lecture demo)

e The lecture closes Section 2.5 with the NanoGPT example: a few hundred lines of code containing
everything above — embedding table, causal self-attention, feed-forward network, residual + norm, stacked
blocks, weight-tied LM head — proving that the conceptual parts list is complete.

o Attention-map visualization: plotting the (n,n) weight matrix of a trained head shows interpretable
patterns — heads that attend to the previous token, heads that find matching brackets/quotes, heads that
link pronouns to their referents.

e How to read such a map in the exam: rows = query positions, columns = key positions, every row sums
to 1.00, the upper triangle is empty in decoder-only models (causal mask). The heatmap of our worked
example above is the 2x2 miniature of exactly this plot.

AN JrAE: SHBTEA-09F Ao [ AT 7 @61 GIEE “TECS-ATSE” — @INFA TIANT > SARI-TF fager HIpr
WS causal TE FIG FAR GAG V(O g (@G AR =, $g @6 Na-qrem Ig91ts, [y @€ SKAIT S5 WA s
— afSfE o FRrow [Row sw fie @3

Code example — causal self-attention from scratch (numpy)

import numpy as np
def softmax(z, axis=-1):
z = z - z.max(axis=axis, keepdims=True)
e = np.exp(z); return e / e.sum(axis=axis, keepdims=True)

def causal_self_attention(Q, K, V):
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Decoder-only transformer: data flow through one model

skip

skip

Softmax — next-token
probability distribution

T

LM head (unembedding,

often weight-tied)

T

Final Norm

Add (residual) & Norm

T

Position-wise FFN
(SwiGLU / GELU)

1

Add (residual) & Norm

T

Masked multi-head
self-attention

Token embedding + positional info

T

Input text —» token IDs

Figure 2: Decoder-only transformer data flow
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< = 0o
I

out,

d_k = K.shape[-1]

scores = Q @ K.T / np.sqrt(d_k)

n = scores.shape[0]

scores = np.where(np.triu(np.ones((n, n), bool), k=1), -1e9, scores)
A = softmax(scores)

return A @ V, A

np.array([[1., 0.1, [0., 1.11)
np.array([[1., 0.1, [1., 1.1])
np.array([[1., 2.1, [3., 4.11)
A = causal_self_attention(Q, K, V)

print(np.round(4, 2)) # [[1. 0. ] [0.33 0.67]]
print(np.round(out, 2)) # [/[1. 2. ] [2.34 3.34]1]

Common mistakes / exam traps

Forgetting the 1/d,, scaling, or “scaling by d,,” (wrong — it is the square root).

Masking after the softmax (wrong — mask must be applied to scores before softmax so rows still sum to
1).

Confusing the attention matrix shape (n,n) with the output shape (n,d,).

Saying attention has recurrence — it does not; that is exactly why it parallelizes.

Attention compute scales quadratically, O(n?d), in context length n — the cost driver for long contexts.

2.5+ — Why Attention Is an Advantage, and “Semantic Distortion”

The

main notes explain the mechanics of attention (Q/K/V, scaled dot-product, multi-head). The slides also

argue why attention beats the old RNN seq2seq — this is prime “Explain why” material.

The

1.

four advantages of the attention mechanism

Solves the information bottleneck. Classic RNN seq2seq squeezes the whole source sentence into one
fixed-length context vector. Attention replaces it with a dynamic, content-dependent representation:
each output token attends to a different subset of encoder states, bypassing the compression limit.
Mitigates vanishing gradients. Attention creates direct shortcut connections between distant tokens,
so gradients flow easily from output back to early inputs — deeper sequence models train more stably.
More “human-like” processing. It mimics how humans re-examine the input selectively instead of
relying on a single memory of the whole sentence.

. Interpretability / soft alignment. Attention weights reveal which input tokens influenced each output

token — visualizable as attention maps, giving a learned, unsupervised soft alignment between input and
output words.

“Semantic Distortion?” — does positional encoding ruin meaning?

A natural worry: adding a positional vector changes each embedding’s direction (angle), so does it corrupt the
word’s meaning? The slide’s answer is no:

Embedding magnitudes > positional magnitudes, so the direction changes only slightly — the vector
stays within its semantic neighbourhood.

The vector now encodes “what the token is” + “where it occurs”. The Transformer does not need
pure word meaning; it needs the contextualized meaning at a specific position.

The model learns during training to separate the “what” from the “where” components.

Result: every token becomes “a word at a place”, which is exactly what lets attention reason about order.
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Exam-style questions

« Explain why RNN-based seq2seq struggles with long sentences while attention does not. (cause: a single
fized-length context vector must hold the entire source — mechanism: long inputs overflow this fized capacity
(the information bottleneck) — consequence: detail is lost; attention removes the bottleneck with a dynamic
per-token representation.)

e Application: A translation model loses the subject of long German sentences. Name the mechanism that
fixes this, justify it, state a trade-off. (mechanism: attention / self-attention; justify: lets each output token
attend directly to the relevant source token regardless of distance; trade-off: O(n?) compute in sequence
length.)

MCQs

Q16. Attention’s main fix for RNN seq2seq is that it: A. removes positional information. B. replaces a fixed-
length context vector with a dynamic, content-dependent one. v* C. shrinks the vocabulary. D. eliminates the
need for embeddings. Why: the dynamic representation defeats the information bottleneck of a single context
vector.

Q17. Attention helps with vanishing gradients because it: A. normalizes activations. B. provides direct shortcut
connections between distant tokens. v C. uses a smaller learning rate. D. reduces the number of layers. Why:
short paths between far-apart tokens let gradients flow back without decaying through many recurrent steps.

Q18. Why does adding positional encoding not destroy a token’s meaning? A. Positional vectors are zero. B.
Embedding magnitude is much larger than positional magnitude, so direction shifts only slightly. v C. Meaning
is stored in the tokenizer. D. Positional encoding is removed before attention. Why: the small positional
perturbation keeps the vector in its semantic neighbourhood while adding “where” information.

Q19. Attention maps are valuable mainly for: A. reducing memory. B. interpretability — showing which inputs
influenced each output (soft alignment). v* C. speeding up decoding. D. compressing the model. Why: the
weights expose a learned, unsupervised alignment between input and output tokens.

2.6 — Modern Transformer Variants

Same skeleton as 2.5, but every part has a “version 2” optimized for inference speed and quality: MHA —
GQA — MQA (attention), GELU — SwiGLU (FFN), sinusoidal — RoPE (position), LayerNorm —
RMSNorm (normalization).

2.6.1 The KV cache and why attention variants exist

During generation, each new token needs the keys and values of all previous tokens. Recomputing them
every step would cost O(n?) per token; instead they are stored in the KV cache. Its size (per layer, per token):

KV bytes = 2 X ny,, X djqq X bytes per value

(the leading 2 = one K plus one V). Multi-/grouped-query attention shrink ny,:

o MHA: every one of the h query heads has its own K/V head (n, = h).

o GQA: query heads are partitioned into groups; each group shares one K/V head (1 < ny, < h). Used by
LLaMA-3.

o« MQA: all query heads share a single K/V head (n;, = 1). Maximum saving, small quality loss.
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Query heads (blue) share key/value heads (red): MHA - GQA - MQA

MHA: 8 Q heads, 8 KV heads GQA: 8 Q heads, 4 KV heads MQA: 8 Q heads, 1 KV head

\/W\/ W

KV cache size « 8 heads KV cache size « 4 heads KV cache size « 1 heads

Figure 3: Query heads sharing KV heads in MHA, GQA, MQA

Worked example — KV-cache size for a small config (2 decimals)

Config: 32 layers, 32 query heads, head dimension d;,.,; = 128, FP16 storage (2 bytes), context length 8192.

Bytes/token/layer  Per token (x32

Variant Ny =2-ny, 128-2 layers) Full 8192 context
MHA 32 16,384 B = 16 KiB  512.00 KiB 4.00 GiB
GQA (8 groups) 8 4,096 B = 4 KiB 128.00 KiB 1.00 GiB
MQA 1 512 B = 0.5 KiB 16.00 KiB 0.12 GiB

GQA-8 gives a 4.00x reduction vs. MHA; MQA gives 32.00x. At a 128k context (131,072 tokens) the same
model needs 64.00 GiB of KV cache with MHA — more than an entire 80 GB GPU after weights — but only
16.00 GiB with GQA-8 (see mock exam L4).

el A OEIEE AT A e G K @i V. eionfacs ardte 33— @bz KV 5, @iig o9 $oas . abrs
CTONTRF SR T 96 GQA-7 I e (Q) vibiE s, g Sem-war (K/V) wa vbr — @& e same, oonf 8
SR > B MQA =8 53w: 117 o @361z K/V
2.6.2 SwiGLU activation in the FFN

FFNgicLu(z) = Wy(Swish(Wyz) © Wix), Swish(z) = z- 0(2)

Symbol Meaning

W, W5  two parallel up-projections (one gated, one gating)
0} element-wise product — the gate
W,y down-projection back to model dimension

The multiplicative gate lets the network modulate information flow per dimension; empirically better loss than
ReLU/GELU at equal parameter count (LLaMA, PaLM).

2.6.3 RoPE — Rotary Position Embedding

Instead of adding a position vector, RoPE rotates each 2-D pair of query/key components by an angle propor-
tional to the absolute position:
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Symbol  Meaning

m absolute position of the token
per-pair base frequency (like the sinusoidal wavelengths)
rotation applied to @ and K only — not to V'

Worked rotation: take the pair (z,,x5) = (1,0), position m = 2, frequency 6, = 1:

2’ =(cos2-1—sin2-0, sin2-1+cos2-0)=(—0.42, 0.91)

Why it is elegant — relative position for free: rotations preserve length, and the dot product of two
rotated vectors depends only on the angle difference, i.e., on m — n:

(R,q, R,k) = (q, R,_,,k)

n—m

Numeric check (with ¢ = (1,1), k = (0.5,—1), § = 1): rotate ¢ to position 3 and k to position 1 — dot = —1.16;
rotate ¢ to position 4 and k to position 2 — dot = —1.16. Same offset (2), same score. Attention scores therefore
encode relative distance — which generalizes better and supports context extension tricks.

el Yl RoPE wg=-@37 @it 3@ 1 — Q s K- 1fSx FI5w wrot (@i9w, 9 7 dd G 9o @ @19 (@it
(SFERT Oy INEIT I, HIF JB! (TR (SFERI To-(AOIG S I 9y @OF AN 87 — N 8Y “Fo 7 @z’ oo
G BRT TRAT-IIHT o == (3,1) == (4,2) — 7bees cww —1.16

2.6.4 RMSNorm

Drops LayerNorm’s mean-subtraction and bias  — fewer operations, empirically equal quality. Tiny example:
z = (3,4): RMS = /(9 + 16)/2 = v/12.5 = 3.54 — output (0.85,1.13) - 7.

Code example — KV-cache parameter comparison

def kv_bytes_per_token(n_layers, n_kv_heads, d_head, bytes_per=2):
return 2 * n_kv_heads * d_head * bytes_per * n_layers

for name, nkv in [("MHA", 32), ("GQA-8", 8), ("MQA", 1)]:
per_tok = kv_bytes_per_token(32, nkv, 128)
print (f"{name}: {per_tok/1024:.0f} KiB/token, "
f'"{per_tokx8192/2**30:.2f} GiB @ 8k ctx")
# MHA: 512 KiB/token, 4.00 GiB | GQA-8: 128 KiB, 1.00 GiB | MGA: 16 KiB, 0.12 GiB

Common mistakes

e Saying GQA reduces parameter count significantly — its main win is KV-cache memory and bandwidth
at inference.

o Applying RoPE to V (it is applied to Q and K only).

e Claiming RMSNorm normalizes across the batch — like LayerNorm it works per token across features.
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2.6+ — Pre-LayerNorm vs. Post-LayerNorm

A high-yield architectural detail: where you place the normalization changes whether a deep Transformer trains
at all.

Post-LayerNorm (the original “Attention Is All You Need”)
Layout: LayerNorm(x + Sublayer(x)) — the residual path passes through LayerNorm.

e Because normalization sits on the residual path, it alters the gradient signal: across many blocks,
gradients get weaker, stronger, rotated, or mixed across dimensions.

e The identity mapping becomes impossible — the model can never simply “copy” its input through a
block.

e Consequence: deep Transformers become unstable; hard to train beyond ~24 layers without stability
tricks (careful warmup, etc.).

Pre-LayerNorm (GPT-3, LLaMA, ..)

Layout: x + Sublayer(LayerNorm(x)) — LayerNorm is applied inside the block, the residual path stays a
clean identity.

e Gradients flow cleanly through the network, exactly as ResNet-style identity paths intend.

e Stable for very deep networks — 100+ layers without special tricks.

o The sublayer still sees normalized, well-behaved input (good optimization) while the identity path is pre-
served.

e Less hyperparameter sensitivity — robust to larger learning rates.

Why it matters (one-line intuition)

Put the normalizer on the highway (Post-LN) and you keep bending the through-traffic; put it on the on-ramp
(Pre-LN) and the highway stays straight — traffic (gradients) flows for hundreds of miles (layers).

igaat wrap: Post-LN: normalization 31 residual s Sow — gradient sisds [{ps =7, identity copy =wrsa, ~24
@R @ 8] Fa w%RT Pre-LN: normalization It sublayer-a3 ¢set, residual #i2 «ifi®w identity 2w —
gradient WereIE I, oo+ @THR IS FF, I learning rate-a8 Fte F@ g GPT-3, LLaMA 53 Pre-LN J@=® @

Exam-style questions

o Explain why Pre-LayerNorm enables much deeper Transformers than Post-LayerNorm. (cause: Pre-LN
keeps the residual path as a clean identity — mechanism: gradients flow back unmodified instead of being
rotated/scaled at every block — consequence: 100+ layers train stably, whereas Post-LN destabilizes past
~24.)

e Application: Your 80-layer model diverges during training with Post-LN. Name the architectural change,
justify it, state a trade-off. (change: switch to Pre-LayerNorm; justify: preserves identity residual path for
clean gradient flow at depth; trade-off: Pre-LN can slightly underperform well-tuned Post-LN at shallow
depths and may need final-LayerNorm adjustments.)

MCQs

Q20. Post-LayerNorm Transformers are hard to train deeply because: A. they have too few parameters. B.
normalization on the residual path distorts gradients and blocks identity mapping. v* C. they use RMSNorm. D.
they lack attention. Why: LayerNorm sitting on the residual path rotates/scales gradients each block, preventing
a clean copy path.

Q21. Pre-LayerNorm keeps the residual path as an identity, which mainly: A. increases vocabulary. B. lets
gradients flow cleanly, enabling 100+ layers. v* C. removes positional encoding. D. reduces the embedding
dimension. Why: an unmodified residual path is the ResNet trick that makes very deep stacks trainable.
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Q22. Which modern model family relies on Pre-LayerNorm? A. The original 2017 Transformer. B. GPT-3 /
LLaMA. v C. RNN seq2seq. D. Word2Vec. Why: the original used Post-LN; deep modern decoders (GPT-3,
LLaMA) adopted Pre-LN for stability.

2.7 — Decoding and Sampling Strategies
What the lecture says
Given the next-token distribution, how do we pick?

o Greedy decoding: w, = arg max,, P(w | prefix) — deterministic; often bland and repetitive (loops).

o Pure sampling: w, ~ P — diverse but can pick from the low-quality long tail.

e Temperature reshapes the distribution; top-k and top-p truncate it. Production chat systems typically
combine temperature + top-p.

2.7.1 Softmax with temperature

o exp(z;/T)
"7 exp(z,/T)

Symbol Meaning

I

logit (raw score) of token i
T temperature; T — 0: argmax (greedy), T < 1:
sharper, T = 1: unchanged, T > 1: flatter

Worked example — same 3 logits at three temperatures (2 decimals)
Logits z = (2,1,0) for tokens A, B, C.

T = 1.0: z/T = (2,1,0); e* = (7.39,2.72,1.00); sum = 11.11 — P = (7.39/11.11, 2.72/11.11, 1.00/11.11) =
(0.67,0.24,0.09).

T = 0.5 (sharper): z/T = (4,2,0); e*/T = (54.60,7.39,1.00); sum = 62.99 — P = (0.87,0.12,0.02). Top token
gained mass: 0.67 — 0.87.

T = 2.0 (flatter): z/T = (1,0.5,0); e*/7 = (2.72,1.65,1.00); sum = 5.37 — P = (0.51,0.31,0.19). Distribution
approaches uniform.

As T — 0, the gap (z; — 25)/T — 00, so the softmax puts probability 1.00 on the argmax — greedy decoding as
a limit (full argument in mock exam 1.2.3).

Sl P GNEEIR e “WT-Fags” T @b I logits-aF sy I i — [{elt G @ [{fs (0.67 — 0.87)
— BB v vg Farem T I8 T 212 6ot I8 — F[12 IR w9k s (0.51/0.31/0.19) — o vg
g T @™ T = 0 W Jmwg @ ¥939613 — 9f deterministic

2.7.2 Top-k and top-p (nucleus) — worked on one probability list

Sorted next-token distribution: A: 0.40, B: 0.25, C: 0.15, D: 0.10, E: 0.06, F: 0.04.

Top-k with k = 3: keep {A, B, C}, kept mass = 0.40 4+ 0.25 4 0.15 = 0.80. Renormalize by dividing by 0.80:
P’ =(0.40/0.80, 0.25/0.80, 0.15/0.80) = (0.50, 0.31, 0.19)

Top-p with p = 0.90: cumulative sums: A: 0.40 — B: 0.65 — C: 0.80 — D: 0.90 (threshold reached). Keep
the smallest prefix whose cumulative mass > 0.90: {A, B, C, D}, mass 0.90. Renormalize by 0.90:
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Softmax with temperature: same logits (2, 1, 0), three temperatures

1.0
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token A (z=2) token B (z=1) token C (z=0)

Figure 4: Same logits, three temperatures

P’ = (0.44, 0.28, 0.17, 0.11)

E and F (the unreliable tail) are eliminated in both cases.

Key difference (classic MC question): top-k keeps a fixed count regardless of distribution shape; top-p
keeps an adaptive set — when the model is confident (peaked distribution) the nucleus may contain only 1-2
tokens, and when it is uncertain (flat distribution) the nucleus widens. Edge case: if the top token alone has
probability > p, top-p keeps just that single token (handled in mock exam L5.2).

QR qrds: top-k I “oRr k- A’ — Rod @wes @ie, Sanst fixed  top-p I “om SSET p% T S et
A — o 6o AP TS ST BIFA3 AMF, FUT VP WEASSE JIBIKE T OF: GG WIGHI-GIE v rewl
IM MO 7 IFSEATT JRF @9IFa-> FAC0 Off (renormalize) FICS T — ST Q3 A9 GeTteT 791 16!

Code example — all four strategies

import numpy as np
def temperature(logits, T):
z = logits / T; z -= z.max(); e = np.exp(z); return e / e.sum()
def top_k(p, k):
idx = np.argsort(p) [-k:]; q = np.zeros_like(p); qlidx] = pl[idx]; return q / q.sum()
def top_p(p, pp):
order = np.argsort(p) [::-1]
cum = np.cumsum(p[order])
cutoff = int(np.searchsorted(cum, pp)) + 1 # smallest set with cum >= pp
keep = order[:cutoff]
q = np.zeros_like(p); qlkeep] = plkeepl; return q / q.sum()

probs = np.array([0.40, 0.25, 0.15, 0.10, 0.06, 0.04])
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Top-p (nucleus) sampling: tokens A-D kept (cum. 0.90), E-F discarded
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Figure 5: Top-p cumulative cutoff at p = 0.90
print (np.round(top_k(probs, 3), 2)) # [0.5 0.31 0.19 0. 0. 0. 7]
print(np.round(top_p(probs, 0.9), 2)) # [0.44 0.28 0.17 0.11 0. 0. 7]
When to use what (application-question ammunition)
Setting Recommendation Justification Trade-off
Factual QA, extraction, greedy or T ~ 0-0.3 reproducible, fewest repetitive, no diversity
code hallucinated tokens
Chat assistant T ~ 0.7 4+ top-p 0.90 natural variety, tail cut mild nondeterminism
off
Creative writing, T ~ 1.0-1.3 + top-p exploration of unlikely more incoherence risk
brainstorming continuations

2.8 — Pretraining

What the lecture says

o Objective: next-token prediction with cross-entropy loss over a web-scale corpus (self-supervised — the
text itself provides the labels).

o Hardware: GPUs do massive parallel matrix multiplications (10-100x CPU throughput); frontier training
runs use thousands of H100/H200-class accelerators. LLaMA-3.1-405B: ~15 T tokens, ~30 M GPU-hours.

o Precision formats: FP32 — FP16/BF16 (mixed precision) — FP8. Lower precision halves memory
traffic and roughly doubles throughput; BF16 keeps FP32’s exponent range (no loss scaling drama).

o Batching and gradient accumulation, learning-rate schedules (warmup 4 cosine decay),
AdamW optimizer, distributed training (data / tensor / pipeline parallelism, ZeRO/FSDP sharding).
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2.8.1 Cross-entropy training objective

1 T
£06) = =5 > log Py(w, | wey)

t=1

Symbol Meaning

0 model parameters

T number of token positions in the batch

w, the true next token at position ¢

Py(w, | wy) probability the model assigned to the true token

Perplexity = e (Section 2.12 works this out numerically).

2.8.2 Compute cost — the 6ND rule, worked
C ~ 6ND FLOPs

Symbol Meaning

N number of parameters

D number of training tokens

6 ~ 2 FLOPs/param for the forward pass + ~ 4 for

the backward pass, per token

Worked example: train a N = 7 x 10° parameter model on D = 140 x 10° tokens (the Chinchilla-optimal 20:1
ratio):

C =6x (7x10% x (1.4 x 101) = 5.88 x 102! FLOPs

At a sustained 10! FLOP /s per GPU (H100-class with good utilization):

5.88 x 102!

TE =5.88 x 106 s = 68.06 GPU-days = ~ 8.51 days on 8 GPUs.

gt rd: 6ND =el G 49063 NFo-Fapeao:  AfS @G afS spfibng forward-a ~28t @@ backward-a ~85t
gt — oM v N =g D wa 33 o g we e on FLOPs s GPU-3 aif$ fatg sist s s «13ssrw % g
scientific notation-a siffEeE MU 7=

2.8.3 Gradient accumulation — effective batch size, worked

GPU memory limits the micro-batch per device. Gradients are summed over k micro-batches before one
optimizer step:

Beff = bmicro X kaccum X NGpUs

Worked example: b, .., = 4 sequences, k,..,m = 16, ngpys = &

B.g =4 x 16 x 8 = 512 sequences per optimizer step

Mathematically identical to one big batch of 512 (gradients are linear/averageable); the price is wall-clock time,
not correctness.
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2.8.4 Optimizer memory — worked GB numbers

Adam(W) keeps two extra statistics per parameter (first moment m, second moment v). For an N = 7 x 10°
model with standard mixed-precision training:

Component Bytes/param  Total for 7 B
FP16 working weights 2 14.00 GB
FP16 gradients 2 14.00 GB
FP32 master weights 4 28.00 GB
FP32 Adam first moment m 4 28.00 GB
FP32 Adam second moment v 4 28.00 GB
Total training state 16 112.00 GB

So training a 7 B model needs =~ 112.00 GB of state (before activations!) — does not fit on one 80 GB GPU —
ZeRO/FSDP shard these states across devices. Inference in FP16 needs only $2 x7x1079 = $ 14.00 GB. The
16-bytes-per-parameter rule of thumb is exam gold.

& [ GF-9 Y ST AR 7T A — @S, FP32 abr-aof¥, s Adam-a3 53 G (m, v) N sifte-afs
~5% BT NS B1% aB WGt B1eits 58 GB a1sitet8 G 0o et 553 GB — @a® b a9 T’ IR oy @&+ fine-tuning-a3
o LORA-3 Wro! @ 7R (W& v-a3F s{rem)

2.8.5 Learning-rate schedule: warmup + cosine decay

e Linear warmup (e.g., first 500-2000 steps): Adam’s moment estimates and the loss surface are unreliable
at step 0; a large early LR can destabilize/diverge the run. Ramping up avoids this.
e Cosine decay to ~10% of peak: large steps early for fast progress, small steps late for fine convergence.

Pretraining LR schedule: linear warmup + cosine decay
| €nd of lInear warmup

3.0 1

2.5 -

cosine decay to Ir_min
2.0 A1

1.5 1

1.0 1

learning rate (x le-4)

0.5 1

0.0 -

0 2000 4000 6000 8000 10000
training step

Figure 6: Linear warmup followed by cosine decay
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Code example — tiny training loop with gradient accumulation

import torch, torch.nn as nn, torch.nn.functional as F
model = nn.Sequential (nn.Embedding(50, 32), nn.Linear (32, 50))
opt = torch.optim.AdamW(model.parameters(), lr=3e-3)
data = torch.randint(0, 50, (1024, 17))
ACCUM = 4
for step in range(100):
opt.zero_grad()
for micro in range(ACCUM): # gradient accumulation
idx = torch.randint(0, 1024, (8,))
x, y = datalidx, :-1], datalidx, 1:]
logits = model[1] (model[0] (x))
loss = F.cross_entropy(logits.reshape(-1, 50), y.reshape(-1)) / ACCUM
loss.backward() # gradients sum up
opt.step() # one step per 4 micro-batches

Common mistakes

o Using 2ND (forward only) instead of 6ND for training cost.
o Saying gradient accumulation saves compute — it saves memory; FLOPs are unchanged.
o Forgetting that Adam state ~ 2 extra FP32 copies — the reason “training needs ~8x inference memory”.

2.8+ — The Training-Systems Story: FLOPs, GPUs, Precision, and Distributed Training

This is the single biggest gap in the main notes. The lecture spends ~12 slides on how pretraining is physically
done. Expect at least one MCQ and possibly an application question here.

2.8a — FLOPs and the cost of training

A FLOP is one floating-point operation (add, multiply, or fused multiply-add). FLOP /s (or FLOPS) is oper-
ations per second — a property of the hardware. Transformers are dominated by dense matrix multiplications
needing billions to trillions of FLOPs per pass. FLOPs determine how much compute is needed, how
expensive training is, and how long it takes.

The 6ND rule. Training compute &~ C = 6 - N - D, where N = number of parameters, D = total training tokens.
The factor 6 splits as ~2 per parameter for the forward pass (compute outputs) and ~4 per parameter
for the backward pass (compute gradients). It is an order-of-magnitude estimate, not exact.

How design choices scale FLOPs:

Parameter Scaling of FLOPs

Model size (params) linear

Number of layers (depth) linear

Hidden size (width) quadratic — depth is “cheaper” than width
Batch size linear

Sequence length quadratic (attention) + linear (MLP)
Heads / FFN width linear

Worked example. A 7-billion-parameter model trained on 1.4 trillion tokens: C = 6 x 7e9 x 1.4el2 =
5.88e22 FLOPs. On hardware delivering lel5 FLOP/s sustained, that is 5.88e22 / 1el5 = 5.88e7 seconds
~ 680 days on one device — which is exactly why we need many GPUs (next sections).
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2.8b — CPU vs. GPU (why training needs GPUs)

Aspect CPU GPU

Parallel units 8-64 cores (sequential-optimized) 10k+ parallel FP units

Throughput ~0.5-2 TFLOP/s thousands of TFLOP/s

Memory bandwidth ~ ~50-100 GB/s multiple TB/s

Interconnect 10-30 GB/s NVLink ~1 TB/s

Matrix-multiply HW  general Tensor Cores (multiply-accumulate)

LLM training is memory-bound (constant weight/activation movement) and needs massive parallelism for
matrix multiplications. CPUs make large-scale training practically impossible; GPU clusters with Tensor
Cores cut training from “years on CPUs” to “days or weeks”.

2.8c — Precision formats

Every value (weights, activations, gradients, optimizer states) is stored in a numeric format. The choice affects
training stability (overflow/underflow), memory (bytes/value), compute speed (Tensor-Core throughput), band-
width, and the max feasible model /batch size. Lower precision — less memory — larger batches & longer
context.

Format Total bits Exponent (range) bits Mantissa (precision) bits Notes

FP32 32 8 23 historically used for training

FP16 16 5 10 limited range — needs loss scaling
BF16 16 8 7 same range as FP32, lower precision
INT8 8 — — mainly inference quantization

INT4 4 — — used for QLoRA finetuning

Key insight: BF16 combines FP32’s numerical range (8 exponent bits) with FP16’s memory/compute efficiency
(16 bits total). Nearly all large LLMs trained since 2021 use BF16. FP16’s small exponent range is why it needs
loss scaling to avoid underflow.

2.8d — The NVIDIA H100 (the canonical training GPU)

The slide lists why the H100 is suited to LLM training: massive Tensor-Core throughput (raw speed); large
memory (limits model/batch/context per GPU); extreme memory bandwidth (LLMs are memory-bound);
high-speed NVLink (multi-GPU sharding); advanced low-precision support (fast, stable training); and a
high power budget. Cost: ~€35,000 (Nov 2025) — which is why training frontier models costs tens of millions.

2.8e — Distributed training (memorize the three parallelisms)

One GPU is not enough: a 70-billion-parameter model is ~# 140 GB in BF16 (2 bytes x 70e9), before activations
and optimizer states. Solutions:

Strategy What is split Each GPU holds Key limitation

Data Parallelism the data (different a full copy of the every GPU must store

(DP) micro-batches) model the whole model

Tensor Parallelism individual weight a slice of each layer needs synchronization

(TP) matrices (sharded (concat/sum) every layer

within a layer)

Pipeline Parallelism the layers into stages a contiguous block of pipeline bubbles +

(PP) layers inter-stage
communication
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e 3D Parallelism = DP + TP + PP together, used for 10B—1T+ models that don’t fit even when sharded.
Note redundancy: in pure DP, parameters, gradients, and optimizer states are replicated in every
DP instance — optimizer states (Adam m, v) alone are 2—4x the model size.

o ZeRO (Zero Redundancy Optimizer) removes that redundancy by sharding the training states across
GPUs instead of replicating them, freeing huge memory (larger models/batches/contexts). Works with
DP/TP/PP; trade-off: more communication, far less memory.

2.8f — The result: a base model (LLaMA 3.1 8B)

Pretraining’s output is the base model. Memorize this reference config:

Property LLaMA 3.1 8B (base)

Architecture decoder-only Transformer (causal LM)

Parameters ~8 billion

Layers (depth) 32 transformer blocks

Hidden size (width) 4096

Attention heads 32

FFN/MLP intermediate size =~ 14,336

Context length up to 128k tokens

Training self-supervised next-token prediction, large multilingual corpus

AR rAm: G 86 ~ 6ND (N = sim=ifitsa, D = @&rewy; 2 forward + 4 backward) Width remr quadratic,
depth linear — =13 817 Fa1 5@t GPU @t 9 LLM memory-bound 8 1= parallel matrix-multiply v
(Tensor Core) Precision: BF16 = FP32-93 range + FP16-93 % oWy — 202> @@ &F 57 LLM ates G376 &
GPU- @z 71 (70B ~ 140 GB BF16), s18 DP (bt @19, st weeet sf01), TP (eow-wifgs o), PP (@R =),
ZeRO training state =mé 3@ redundancy F9rw fagafR-a3 s = base model (@@= LLaMA 3.1 8B: 32 @R,
hidden 4096, 32 head, 128k context)

Exam-style questions

o Explain why BF16 is preferred over FP16 for training large models. (cause: FP16 has only 5 exponent
bits — mechanism: its small dynamic range underflows/overflows easily and needs loss scaling, while BF16
keeps FP32’s 8 exponent bits — consequence: BF16 trains stably at half the memory without loss-scaling
hacks.)

o Explain why a 70-billion-parameter model cannot train on a single GPU. (cause: ~140 GB just for BF16
weights, plus activations and optimizer states that are 2—4x the model — mechanism: this far exceeds one
GPU’s memory and bandwidth — consequence: the model and/or data must be split across many GPUs
(DP/TP/PP).)

e Application: You can fit the model on one GPU but want a much larger effective batch across 8 GPUs.
Name the strategy, justify it, state its limitation. (strategy: data parallelism; justify: each GPU runs a full
copy on different micro-batches and gradients are synchronized; limitation: every GPU must store a full
model copy.)

MCQs

Q23. The 6ND rule estimates training compute; the “6” comes from: A. 6 layers. B. ~2 FLOPs/parameter
forward + ~4 FLOPs/parameter backward. v" C. 6 GPUs. D. 6 bytes per parameter. Why: forward ~ 2
ops/param, backward ~ 4 ops/param, summing to ~6 per parameter per token.

Q24. Doubling the model width (hidden size) scales attention/FFN FLOPs: A. linearly. B. quadratically. v/
C. not at all. D. logarithmically. Why: matrix dimensions grow with width on both axes, so cost grows with
width?; depth, by contrast, is linear.

Q25. BF16’s advantage over FP16 is that it: A. uses fewer bits. B. keeps FP32’s exponent range (8 bits),
avoiding loss scaling. v/ C. has more mantissa bits. D. is an integer format. Why: same range as FP32 — stable
training without underflow; it trades mantissa precision, not range.
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Q26. Why is LLM training infeasible on CPUs? A. CPUs lack floating-point units. B. CPUs are sequential-
optimized with low parallelism and bandwidth; no Tensor Cores. v C. CPUs cannot store weights. D. CPUs use
BF16 only. Why: training needs massive parallel matrix-multiply throughput and TB/s bandwidth that CPUs
cannot provide.

Q27. In tensor parallelism, what is split across GPUs? A. The training data. B. Individual weight matrices
within a layer. v C. Whole layers into stages. D. The optimizer only. Why: TP shards weight matrices
(each GPU computes a partial result that is then summed/concatenated); splitting layers is pipeline parallelism,
splitting data is data parallelism.

Q28. In pure data parallelism, the main memory limitation is: A. pipeline bubbles. B. every GPU must store
a full copy of the model. v C. weight matrices are sharded. D. the tokenizer is duplicated. Why: DP replicates
the whole model (and optimizer states) on each GPU; ZeRO addresses exactly this redundancy.

Q29. ZeRO reduces memory by: A. lowering the learning rate. B. sharding optimizer states/gradients/parameters
instead of replicating them. v C. removing attention. D. using FP32. Why: ZeRO eliminates the DP redundancy
by distributing training states, at the cost of more communication.

Q30. Roughly how much GPU memory do the weights of a 70B model occupy in BF167 A. ~14 GB. B. ~70
GB. C. ~140 GB. v' D. ~560 GB. Why: BF16 = 2 bytes/param — 70e9 x 2 ~ 140 GB (before activations and
optimizer states).

2.9 — In-Context Learning
What the lecture says

e A pretrained LLM can perform new tasks at inference time purely from the prompt — no parameter
update.

e Zero-shot: instruction only. Few-shot: instruction + a handful of input—output examples.

o Mechanism (lecture’s framing): the examples let the model recognize a task pattern it has implicitly
learned during pretraining and continue that pattern for the new input. In-context “learning” is pattern
completion, not gradient descent.

e Emergent with scale: small models barely benefit from examples; large models do strikingly.

prompt = """Translate to French:

English: cat -> French: chat

English: dog  -> French: chien

English: book -> French:""" # model continues: " livre"

g P QA WO ST O [BS AT 1 — 26T SRS (el Mo JLA (@ 8 WIvgl, bl [RIwmd et
SIRAF GG Gifeey T @bt AfSTrS-cat T, ABIH-GA T 0-9F F1 &A=AfB-&@ et (few-shot, chain-of-thought) «%
USRS AT

In-context learning vs. fine-tuning (application-question table)

Axis In-context learning Fine-tuning (Chapter 6)

What changes nothing — only the prompt the model weights

Cost per task zero setup; pay per prompt token one-time training cost; cheap at
at every call call time

Number of examples limited by the context window unlimited (whole datasets)

Persistence gone when the prompt ends permanent skill

Best when few examples, fast iteration, stable task, large data, strict
many ad-hoc tasks latency/cost budget

Risk examples eat context budget; overfitting, catastrophic

sensitive to example choice/order  forgetting, infra effort
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Exam relevance

e Contrast in-context learning vs. fine-tuning: prompt-time vs. weight-update; no training cost vs. permanent
skill; context-window-limited vs. unlimited examples.

o Application-question trade-off: few-shot examples consume context tokens (cost + latency) but need no
training infrastructure.

e Zero-shot vs. few-shot: instruction only vs. instruction plus input—output demonstrations; few-shot gains
are an emergent property of scale.

2.10 — Alignment: SFT, RLHF, DPO
What the lecture says

A pretrained model is a completion engine — fluent but not helpful, harmless, or honest (“What is the capital
of France?” may be continued with more exam questions rather than an answer). Post-training fixes this in
stages: Pretraining — Supervised Fine-Tuning — Preference Optimization (RLHF or DPO).

Sl [ FAEITT TCoa Y “oNRFT =17 T — ofF I T6F A1 Iy W8 o s od! ©i% g3 4o g gy SFT
— e Te7 Aty “SIRPIRT gf N’ GrdEr; SReR preference tuning — bt $OEI W (FHGT W Q@ ogw R, o1
SIS WS TG
2.10.1 Supervised Fine-Tuning (SFT)

Train on curated (instruction z, ideal answer y) pairs with the same cross-entropy loss as pretraining, but only
over answer tokens:

Lgpr(0) = — [E(a:,y)NDSFT Zlog oy | 5 Yoy)
t

Symbol Meaning

T the model viewed as a policy (token distribution
given context)

Dypr dataset of demonstration pairs

Yy Yot answer token at step ¢ and its prefix

Limitation (exam-critical): SFT only shows good answers — it carries no signal about better vs. worse,
cannot express “this answer is acceptable but that one is preferable”, and the model only imitates the demon-
strators’ ceiling.

2.10.2 RLHF — reward model + KL-regularized RL

Step 1 — collect preferences: humans see a prompt and two candidate answers, pick the better one — triples
(z,Y,,y;) (winner/loser).

Step 2 — train a reward model 7,(z,y) with the Bradley—Terry model of pairwise preference:

Py, =y |z)= U(%(zvyw) - qu(xvyl))’ Lrm(o) = *[E[log(’(%(zvyw) - Tq&(xvyl))]

Symbol Meaning

T4 scalar reward head on an LLM backbone; parameters ¢
o(z) =1/(1+e*) sigmoid: maps reward gap to win probability
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Symbol Meaning

Yo Ui human-preferred and rejected answer

Step 3 — optimize the policy with PPO against the reward, leashed to a frozen reference:

IHgLX [Ezm«ﬂ,yrvﬂ'e |:T¢<‘E7y):| - BIDKL(’/TO(' | fﬂ) ”ﬂ-ref(. ‘ 1’))

Symbol Meaning

T the policy being trained (the LLM)

Trof frozen post-SET reference model

I} KL-penalty strength: how far the policy may drift
from the reference

Dkr, Kullback-Leibler divergence — penalizes

distribution drift

Why the KL term is essential: the reward model is an imperfect proxy. Without the leash, the policy
finds adversarial outputs that score high reward but are degenerate (reward hacking: sycophantic, repetitive,
verbose text) and loses linguistic diversity (mode collapse). The KL term anchors the policy to fluent SFT
behavior.

PPO clipped objective (the inner RL machinery):

e . B I
z () = [E{mln (p,A;, clip(p, 1 —€, 1+€) At)}a Pt = o, (a; | 5;)

with advantage A4, and clip width e (a~ 0.2) — the clip prevents destructively large policy updates.

&t grat: RLHF o7 a9t () WIS 9061 $owad W& SIersl Ig; (2) o7R *1e™w @@ @36 reward model ¢id — Bradley—
Terry @ reward-a3 <) @oR S8R 3% w1; (v) PPO firy 3o wree reward Irens ¢ =9, [vg KL-wf$ ficy
JFIES NI MY o A 77 7S A1 AP 9eea reward model-& “5SFEAR #Y frar (7 — corarym, oAt o791 S8 —
@13 reward hacking

2.10.3 DPO — Direct Preference Optimization

Key insight: the KL-regularized RL problem above has a closed-form optimal policy, and substituting it back
turns the preference objective into a simple supervised loss on the policy itself — no reward model, no RL
loop:

oYy | T) mo(yy | )
< S 1 log —~ =% — flog 7L
pro(0) (@991 [ogo(ﬁ 8 Trot (Y | ) Ploe Tret (Y1 | @)

What each term does:

Term Role
log % implicit reward of the winner: how much more

likely the policy makes y,, relative to the reference

g % implicit reward of the loser — pushed down relative
to reference
difference of the two implicit reward margin; the loss wants it large and

positive
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Term

Role

I} temperature of the implicit reward = inverse KL
strength: small § = stay close to reference
logo(-) Bradley—Terry log-likelihood — exactly the
reward-model loss, but with the policy’s own
log-ratios playing the reward role
Gradient intuition: V£ «x —(1 — o(margin)) - [Vlogmy(y,,) — Vlogmy(y;)] — increase the winner’s log-

probability, decrease the loser’s, with force proportional to how wrong the current margin is.

import torch, torch.nn.functional as F

def dpo_loss(logp_w, logp_l, ref_w, ref_1l, beta=0.1):
margin = beta * ((logp_w - ref_w) - (logp_l - ref_1))
return -F.logsigmoid(margin) .mean()

# toy numbers: logp_w=-1.0,

logp_l=-1.5, ref w=-1.2, ref_l=-1.4

# margin = 0.1*%((-1.0+1.2) - (-1.5+1.4)) = 0.1%(0.2+0.1) = 0.03 -> loss = 0.68

gt ardt: DPO-3 oienfss: st reward model IMIER n<iws (13 — #ifEhim Moo Fs-58Rel @9 @@ IEeT Wgoresis
‘gt reward” R FE IW A o Ro@l SRy W IS, oRifEesst FyF war RLHF-az 851 wwew (policy,
reference, reward, critic) SmafeiR FAF T AFBI AR supervised FIE For T I — T 3 FHSAA

2.10.4 SFT vs. RLHF vs. DPO — qualitative comparison

Axis

SFT

RLHF (PPO)

DPO

Training signal
Expresses “better

vs. worse”?

Extra models needed
Optimization
Compute / engineering
cost

Exploration beyond
data

Main failure modes

Typical role today

ideal demonstrations
only
no

none

supervised cross-entropy
(stable)

low

none (imitation ceiling)

imitates demonstrator
errors

step 1 (always)

pairwise preferences via
learned reward
yes

reward model +
value/critic + reference
reinforcement learning
loop (unstable, many
hyperparameters)

very high (sampling + 4
models in memory)

yes — can discover
responses better than
any demonstration
reward hacking, mode
collapse, over-refusal,
sycophancy

step 2 at frontier labs

pairwise preferences
directly
yes

reference only

supervised logistic-style
loss (stable)

moderate

limited — bound to
offline preference pairs

overfits preference set;
implicit reward
mis-generalizes
off-distribution

step 2 for most
open-source models

Other lecture points: human preference disagreement (annotators disagree; “aligned to whom?” is unsolved);
alignment failure modes: sycophancy (agreeing with the user over truth), mode collapse (loss of output
diversity), over-refusal, reward hacking.

Common mistakes

e “DPO has no KL control” — wrong: 3 ¢s the KL knob, and 7, appears explicitly in the loss.
e “RLHF trains on demonstrations” — no, on preferences; demonstrations belong to SFT.
o Forgetting why 7, exists at all (anchor against reward hacking / distribution drift).



2.10+ — The Two-Stage Paradigm and the Limitations of SFT

The main notes cover the mechanics of SF'T, RLHF, and DPO. The slides frame why alignment is a separate
stage and why SE'T alone is not enough — the motivation that makes RLHF/DPO necessary.

The two-stage training paradigm

Stage 1: Pretraining Stage 2: Post-Training (Alignment)

Acquire broad linguistic, semantic, world knowledge = Shape raw capability into deliberate, goal-directed
behaviour

Learn grammar, discourse, reasoning, factual Train the model to interpret and follow human

associations from large-scale text instructions

Build robust representations across domains/styles Guide outputs toward helpful, correct,
context-appropriate responses

Outcome: a powerful base model, not yet aligned Reduce/suppress harmful, biased, unsafe behaviour;

encode human preferences
Outcome: a model aligned with human
intentions, not just text statistics

Why separate the stages? Pretraining is extremely expensive — done once; alignment is cheap —
iterated continuously. Separation prevents catastrophic deviation from pretrained knowledge and gives clearer
control over behaviour.

Limitations of SFT (why we need RLHF/DPO)

SE'T teaches by imitation of good demonstrations. Its structural weaknesses:

1. Imitation only / no notion of “better vs. worse”. It copies demos; it has no ranking signal.

2. No negative feedback. Everything in SFT is treated as “correct” — it cannot penalize bad or unsafe
responses.

3. No guarantee of truthfulness. Next-token loss rewards fluency, not accuracy — hallucinations
persist.

4. Limited safety. It demonstrates safe answers but cannot punish unsafe alternatives.

5. Poor handling of ambiguity. Trains only on the provided style; struggles with open-ended, multi-turn,
or conflicting instructions.

6. Style overfitting. Tends toward an overly verbose, overly polite, generic assistant tone.

The fix: preference-based methods (RLHF, DPO) add the missing “better-vs-worse” signal by training on
comparisons, so the model can be pushed away from bad outputs — something SFT structurally cannot do.

e [ G 93 & () Pretraining — @399, 37 I5w1%+, base model IAm; (2) Post-training/alignment
— W, IR FA T, NG NI ot T7cs e SFT 8y 99a (imitation) ¢ee — SIte-ae iR @13, @ifeass
fFeas @3, soor ferer @3 (fluency ey, accuracy 79) o2 RLHF /DPO v — S| Qo1 (comparison)
“SITEAT I A ACFS (@M FE, AGAE A TGS (AT GA GATS A

Exam-style questions

o Explain why supervised fine-tuning alone cannot stop a model from hallucinating. (cause: SFT uses the
next-token loss, which rewards fluent continuations — mechanism: it treats every demonstration as correct
and has no signal that penalizes false statements — consequence: confident, fluent falsehoods are never
punished, so hallucination persists.)

38



e Application: After SF'T your assistant is polite but sometimes confidently wrong and ignores when a user
corrects it. Name the next alignment step, justify it, state a trade-off. (step: RLHF or DPO using human
preference comparisons; justify: adds a “better-vs-worse” signal that SFT lacks, penalizing bad answers;
trade-off: needs preference data + (for RLHF) a reward model and an unstable RL loop, risking reward
hacking / over-optimization.)

MCQs

Q31. The two-stage paradigm separates pretraining and alignment mainly because: A. they use different ar-
chitectures. B. pretraining is expensive and done once, while alignment is cheap and iterated. v' C. alignment
must come first. D. tokenizers differ between stages. Why: cost asymmetry plus the desire to avoid catastrophic
deviation from pretrained knowledge.

Q32. Which is a fundamental limitation of SFT? A. It updates no parameters. B. It treats all examples as
correct and gives no negative feedback. v' C. It requires a reward model. D. It cannot use the next-token loss.
Why: SFT is pure imitation; without comparisons it cannot penalize bad/unsafe outputs.

Q33. SFT fails to guarantee truthfulness because its loss rewards: A. accuracy. B. fluency (likely next tokens),
not factual correctness. v' C. brevity. D. safety. Why: next-token likelihood # truth, so fluent hallucinations
remain unpenalized.

Q34. Preference-based methods (RLHF/DPO) add what that SFT lacks? A. A tokenizer. B. A “better-vs-
worse” ranking signal from comparisons. v C. Positional encoding. D. A larger vocabulary. Why: training on
preferred-vs-rejected pairs lets the model move away from worse outputs.

2.11 — Scaling Laws
What the lecture says

Empirically, validation loss falls predictably with scale:

A B
L(N,D):EerJrﬁ
Symbol Meaning
N parameters; D — training tokens
E irreducible loss (entropy of language itself)

A/N®  error from limited model capacity
B/D?  error from limited data

e Loss improvements are smooth power laws — predictable, but each halving of loss needs ~10x more
compute.
e Chinchilla result: for a fixed compute budget C ~ 6N D, the loss-optimal allocation scales N and D

together, with approximately
D* ~ 20N*

(20 training tokens per parameter). GPT-3 (175 B params, 300 B tokens ~ 1.7 tokens/param) was badly
under-trained for its size.

Worked example — given compute C, find N* and D*

Problem: budget C = 1 x 102! FLOPs. Using C = 6ND and the Chinchilla condition D = 20N, find the
optimal N and D.

Step 1 — substitute: C' = 6N (20N) = 120 N2,
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Step 2 — solve for N:

C 1021
N* =4/ To0 = \/ 130 = V8.33 x 1018 = 2.89 x 10° ~ 2.89 B parameters

Step 3 — tokens: D* = 20N* = 5.77 x 10'° ~ 57.74 B tokens.
Check: 6 x 2.89 x 10° x 5.77 x 10'9 = 1.00 x 10%L.

Compute-optimal # deployment-optimal (exam favorite): Chinchilla optimizes training loss per training
FLOP. But inference cost scales with NV, and a model is run many more times than it is trained. Hence labs
deliberately over-train small models far beyond 20 tokens/param (LLaMA-3-8B: ~15 T tokens = 1875
tokens/param) — slightly worse than the compute-optimal training trade, much cheaper to serve.

gt quragt:  Chinchilla-z Ié: SFEE TS AP G AT (GO 9FNR IG8 — &fS ARAMGIE ~20 GeFdy T
@mrer: D = 20N 3fie et C' = 120N 2, sigsia Isfel g (el @l — abt 9y Gfe-gaeeg woifowm; e woos @i
Ift I BT T, O3 (BTG WO 3571 FE 20-F IE 99 Q@R GIEE GF T W e S I T8 78 “LLaMA &=
Chinchilla-optimal 797" — % oitag Twa QB3

import math

C = 1e21
N = math.sqrt(C / 120) # 2.89e9 parameters
D =20 %N # 5.77e10 tokens

print (f"N*={N:.2e}, D*={D:.2e}, check 6ND={6*N*D:.2e}")

Common mistakes

o Treating 20 tokens/param as a law of nature — it is an empirical fit under specific assumptions.
o Confusing compute-optimal (training) with cost-optimal (lifetime = training + inference).
e Saying scaling laws guarantee specific capabilities — they predict loss, not skills.

2.114 — Scaling Laws: Kaplan vs. Chinchilla, and Compute-Optimal # Deploy-Optimal

The main notes give the Chinchilla D ~ 20N rule. The slides tell the fuller story — two competing scaling laws
and a crucial production twist.

What a scaling law is

Performance (validation loss) improves in a predictable, smooth power-law as you increase parameters
(N), training tokens (D), and/or compute (C). This holds across many orders of magnitude. It gives
predictability (forecast loss before training from small runs), resource planning (how big a model, how much
data), and explains why “scaling up” worked from 2018-2023.

Kaplan power laws (OpenAl, 2020)
Loss follows L = Loo + (stuff) - N"(—a) + .., where:

¢ Loo = irreducible loss = the entropy of natural language; you can never go below it.
o The exponents are small (~0.05—0.1) — strong diminishing returns, but improvement persists over
many orders of magnitude.

Kaplan established that “scaling works” and launched the “bigger is better” era. But the study assumed
fixed data/training settings, which led it to overestimate optimal model size and underestimate how
much data large models need.

40



Chinchilla scaling laws (DeepMind, 2022)

DeepMind trained 400+ models (7T0M—-16B params, 5B-500B tokens) with learning-rate schedules matched to
each horizon, to find the compute-optimal split of a fixed FLOP budget between parameters and tokens.

¢ Result: parameters and data should scale equally. Double the model — double the tokens. Compute-
optimal ~ 20 training tokens per parameter.

e Opposite of Kaplan: no more “huge model, tiny dataset”. Optimal models are smaller and better-
trained.

o Worked example (10x compute): Chinchilla — increase N by ~ 3x and D by & 3x (since both scale
as ~C70.5). Kaplan would have said ~ 5.5 params but only ~ 1.8x data — over-investing in size.

o Concrete correction: GPT-3 (175B) was trained on ~300B tokens but, by Chinchilla, should have seen
3—4 trillion — it was badly undertrained. Undertraining means higher loss for the same compute, worse
downstream accuracy, and inefficient inference.

Compute-optimal # Deploy-optimal (the production twist)

o Compute-optimal minimizes training loss for a fixed training budget (Chinchilla’s ~20 tokens/param).
It optimizes training efficiency, not final quality at fixed inference cost.

o Deploy-optimal: companies care about inference cost, which is paid forever (millions—billions of re-
quests), while training is paid once. So it is often better to overtrain a smaller model — train it on
far more data than compute-optimal — so it becomes much more capable at the same inference cost.

o Result: production models (LLaMA 3, Mistral, DeepSeek, Claude, GPT-class) often use >100 training
tokens per parameter — far past the Chinchilla point — deliberately “wasting” training compute to
save inference compute.

Intuition

Chinchilla asks “given my training bill, what’s the best model I can train?” Deployment asks “given that I'll
serve this model a billion times, what’s the cheapest model that’s good enough?” The second favours a small,
heavily-trained model.

@t ram: Kaplan (2020): loss @361 power-law-a &, Loo = o WofRR$AT entropy (a3 e amm = -m);
exponent @B (diminishing returns) g Kaplan Wtea i @, bt $9 351 g1 3@ Chinchilla (2022):
“NRIMNGIF 8 (GBI FNFSIT IATI8 — compute-optimal ~ Afs snEIfGIE 20 BfFw; GPT-3 (175B) =it undertrained
(90oB-7 Fwtet w-8 trillion GrF @ &) Compute-optimal # Deploy-optimal: inference 235 IR e,
training @I — SI2 (@G TTAT WSfIE F3F (>d00 GIFH/MRIMGR) FA2 IVR AT

Exam-style questions

e Explain why modern production LLMs are often trained well past the Chinchilla compute-optimal point.
(cause: inference cost is paid on every request forever while training is a one-time cost — mechanism:
overtraining a smaller model makes it more capable at the same inference cost — consequence: companies
“waste” training compute (>100 tokens/param) to minimize lifetime inference cost.)

e Application: You have a fixed training budget and want the lowest training loss. Which scaling law guides
you, and what allocation does it imply? (law: Chinchilla; allocation: scale parameters and tokens equally,
~ 20 tokens per parameter; trade-off: this is training-optimal, not necessarily best for cheap inference at
scale.)

MCQs

Q35. The irreducible loss Loo in scaling laws represents: A. a bug in training. B. the entropy of natural language
— a floor you cannot beat. v' C. the loss at initialization. D. the optimizer’s learning rate. Why: even a perfect
model faces inherent unpredictability in language; loss cannot drop below this.

Q36. Chinchilla’s correction to Kaplan was that: A. bigger models are always better. B. parameters and training
tokens should scale equally (~20 tokens/param). v C. data does not matter. D. compute is irrelevant. Why:
Kaplan over-weighted model size; Chinchilla showed balanced scaling and that many models were undertrained.
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Q37. GPT-3 (175B) is cited as an example of: A. an overtrained model. B. an undertrained model (too few
tokens for its size). v C. a compute-optimal model. D. a deploy-optimal model. Why: ~300B tokens vs. the
3-4T Chinchilla would prescribe — undertrained.

Q38. “Compute-optimal # deploy-optimal” implies that for production it is often best to: A. train the largest
possible model. B. overtrain a smaller model on far more tokens. v" C. skip alignment. D. reduce the vocabulary.
Why: a small, heavily-trained model minimizes the inference cost that dominates a deployed model’s lifetime.

Q39. Why did Kaplan’s laws overestimate optimal model size? A. They used too many models. B. They
assumed fixed data/training settings, underestimating data needs. v' C. They ignored parameters. D. They used
Chinchilla’s data. Why: with data/schedule held fixed, the analysis credited size too much and tokens too little.

2.12 — Evaluation
What the lecture says

o Intrinsic evaluation: cross-entropy / perplexity on held-out text. Cheap, smooth, ideal for tracking
pretraining — but not user-facing and tokenizer-dependent (not comparable across different vocabularies).

o Task metrics: BLEU/ROUGE (translation/summarization n-gram overlap), exact match / F1 (QA),
pass@k (code: probability > 1 of k samples passes unit tests).

o Capability benchmarks: MMLU (broad knowledge MC), GSM-8K (grade-school math), HumanEval
(code), MultiChallenge (multi-turn instruction following), Tau-2 (tool use/agents).

o Safety evaluation: red-teaming, ToxicChat, jailbreak resistance.

o Benchmark limitations: contamination (test data in training data — a data-side problem), saturation,
overfitting-to-the-leaderboard (gaming), weak correlation with real user value — also use human preference
arenas and task-specific evals.

Perplexity — definition and worked example (nats and bits)
1T
H= —7 Zlog Py(w; | wey), PPL = el (natural log) = 2> (log base 2)
t=1

Worked example: the model assigned the true next tokens probabilities 0.50, 0.25, 0.125, 0.50.

In nats (natural log):

token prob —Inp

0.50 0.69
0.25 1.39
0.125 2.08
0.50 0.69

~0.69+1.39+2.08+0.69 4.85

_ _ 121 _
1 1= 1.21 nats PPL =¢ = 3.36

H

In bits (log base 2): —log,p =1,2,3,1 — H, = 7/4 = 1.75 bits — PPL = 217> = 3.36. Same perplexity, as
it must be — perplexity is base-independent.

Interpretation: the model is, on average, as uncertain as a fair choice among 3.36 equally likely tokens
(“effective branching factor”). Lower is better; PPL = 1 would be perfect prediction.

Jiat et Perplexity ST “Nies ote 6! W Wy fagw sy fastiee @fifr: sifsiengs GrieaeEy s8R — log
e, 51T FE (9BIR cross-entropy ), SIFHF exponential — e iy Facet ABA, 2 fiey Tt {6, Fg v PPL w3 PPL
3.36 T WCoeT (T ATSIT 0. 0ubl AAT-TGIT GIFE V& WG FACR
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Benchmark overview (memorize what each one measures)

Benchmark Measures Format

MMLU broad academic/world knowledge, 57 subjects multiple choice

GSM-8K grade-school multi-step math reasoning free-form numeric answer
HumanEval code generation correctness unit tests, scored with pass@k
MultiChallenge multi-turn instruction following conversational tasks

Tau-2 tool use / agentic behavior simulated tool-calling environments
ToxicChat / red-teaming safety, jailbreak resistance adversarial prompts

et T AfSH @t arsest wiemt @iff st — MMLU @, GSM-8K siffe-3fe, HumanEval e, Tau-2 §&-3<=a
@ T @I 519 qFeren: contamination (er @siE or4), saturation (SRR ~>00% (T Gt W ATFT &R T A7), gaming
(fFrerEss o BT 1), WF IVI-SAIOR AN 77T To94F

Code example — pass@k

import math
def pass_at_k(n, c, k):
nmnp(>=1 correct in k draws) given c correct among n samples.”"""
if n - ¢ < k:
return 1.0
return 1 - math.comb(n - ¢, k) / math.comb(n, k)
print (round(pass_at_k(100, 20, 1), 2)) # 0.20
print (round(pass_at_k(100, 20, 10), 2)) # 0.91

Common mistakes

o Comparing perplexities of models with different tokenizers (not meaningful).

e (Calling contamination a model defect — it is a training-data defect; the fix is decontamination of the
corpus.

o Assuming a higher MMLU score always means a better assistant (benchmarks # user value).

2.124+ — The Full Evaluation Taxonomy

The main notes cover perplexity and a few benchmarks. The slides present a three-level taxonomy plus safety.
Memorize the structure — “which metric for which task” is classic MCQ and application material.

Level 1 — Intrinsic evaluation: Perplexity

Measures predictive quality — how well the model predicts the next token. Lower perplexity = better.
It is directly tied to cross-entropy loss (perplexity = exp(cross-entropy)) and equals the model’s average
uncertainty / effective branching factor. Limitation: it does not measure reasoning, instruction-following,
tool use, factuality, or safety — a model with low perplexity can still fail real tasks.

Level 2 — Task-level metrics (classical NLP)

Metric Task Measures Intuition
Accuracy classification (sentiment, fraction correct simple single-label
topic) correctness
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Metric Task Measures Intuition

BLEU machine translation n-gram precision “of the words I
vs. reference + brevity generated, how many
penalty are correct?”

ROUGE summarization n-gram recall “of the important
(ROUGE-1/2) + longest  reference words, how
common subsequence many did I include?”
(ROUGE-L)

Pass@k code generation probability >1 of k robustness/reliability of

samples passes unit tests code

BLEU example. Reference “the cat is on the mat”; candidate “the cat sat on the”. 1-gram matches = the, cat,
on, the — 4 of 5; 2-gram matches = “the cat”, “on the” — 2 of 4. Score = combine the n-gram precisions, then
apply a brevity penalty for the too-short candidate. Scale 0-100: 30—40 decent, 50+ strong MT. Mnemonic:
BLEU = Precision (generation side).

ROUGE example. Reference “cats sit on warm mats in the sun” (8 unigrams); candidate “cats sit on mats”.
ROUGE-1 = 4 of 8 = 0.50; ROUGE-2 = 2 of 7; ROUGE-L = 4 of 8. Mnemonic: ROUGE = Recall
(reference side).

Pass@k. With n samples and c correct, Pass@k = 1 — C(n—c, k)/C(n, k). If a model solves a task 30 % of
the time on the first try (Pass@l = 0.30), then over 5 attempts there is a 91.7 % chance at least one passes
(Pass@5 = 0.917).

Level 2 — Capability benchmarks (academic)

Benchmark Tests Format / Metric Note

MMLU broad knowledge + 4-choice MCQ, <50 % below-undergrad,
reasoning, 57 subjects accuracy 70-85 % instruct-tuned,

95 % expert

BIG-Bench ~200 off-distribution mixed; no single score reveals emergent
tasks (logic, ethics, abilities at scale
symbolic)

HumanEval 164 hand-written Pass@k on hidden unit  standard coding

Python tasks

tests

benchmark

Level 3 — Practical capability evaluation (what Al engineers actually care about)

Real products need more than academic scores. The slides list six dimensions, each with benchmarks — none
of these correlate well with perplexity or MMLU:

1. Multi-turn instruction following — hold constraints over 5-10 turns, self-correct (MultiChallenge,
COLLIE).

2. Tool use & API-calling reliability — schema-correct calls; most real-world failures are tool-call mistakes,

not reasoning errors (T2-bench).

Long-horizon reasoning — multi-step, dependency-heavy planning (SWE-bench, Aider Polyglot).

Factuality, hallucination & deception — invents facts? misreports success? (FActScore, LongFact).

Modality-specific — text«+rimage, OCR, video (VQA, ChartQA, DocVQA, VideoMME).

Domain-specific — health/finance/law, where general models can fail catastrophically (HealthBench,

FinBen, LegalEval, GSM8K/MATH).

S G w

72-bench (Tau-2) — the agentic tool-use benchmark

Evaluates whether an LLM can correctly execute multi-step tasks using external tools/APIs across
domains (Retail, Airline, Telecom). A task is a multi-turn conversation: the user gives an instruction — the
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model must call the correct sequence of APIs — the system returns intermediate results — the model
adjusts its next step based on tool output — the final answer must reflect the tool outcomes. It tests whether
a model acts like a reliable agent, not just a text generator (bridge to Chapter 5).

Safety evaluation

Dimension What it checks Example benchmarks
Toxicity offensive /hateful /harmful RealToxicityPrompts, ToxiGen
language
Bias & Fairness discrimination (gender, race, age) BiasBench, CrowS-Pairs
Harmful instruction can it be jailbroken into harmful — adversarial/jailbreak tests
following advice?
Privacy & data leakage repeats user data / memorized membership inference
training text
Hallucination safety confident false claims causing factuality benchmarks

real-world harm

Benchmark limitations & key takeaways

o Contamination & memorization — benchmarks leak into training data — overestimated scores.

e Saturation — MMLU now >90 %, losing discriminative power.

o Poor product indicator — great MMLU / low perplexity can still fail on domain tasks, long instructions,
precise tool calls.

e No user-experience measure — helpfulness, politeness, stability need human evaluation.

Key takeaways: No single number summarizes LLM quality. Evaluation must be multi-dimensional
— combine intrinsic + task-level + capability. Al engineers must test in their real domain, modality, and
workflow; practical-capability evaluation often predicts product success better than classical NLP metrics.

&l [k s 57 I@ — (5) Intrinsic: perplexity (next-token, cross-entropy-a3 exp; % = o 59 rea-
soning/safety wmst /1) (:) Task-level: Accuracy; BLEU = precision (@™, n-gram It I OF Fo6! 355);
ROUGE = recall (5=, reference-a3 Fobt «7ev); PassQk (&, k-3@ S9s @R F8HB6-B36 7)== bench-
mark: MMLU (e¢a Rw, MCQ accuracy), BIG-Bench (~200 wrge 5%, emergent ability), HumanEval (sv8
Python, Pass@k) (e) Practical capability: multi-turn, tool-use, long-horizon, factuality, modality, domain —
Qe perplexity/ MMLU-3 sid owtet a1 72-bench = aters-e® tool-use (Retail/Airline/Telecom) Safety: toxi-
city, bias, jailbreak, privacy, hallucination ¥ =21: @6t sdt fitg LLM-a3 W9 Q@RI 919 1 — Ig9ifas yemms
G«

Worked example — BLEU vs. ROUGE on the same pair

Reference: “the quick brown fox” (4 unigrams). Candidate: “the quick fox” (3 unigrams). Unigram matches =
the, quick, fox = 3. - BLEU (precision): 3 correct / 3 generated = 1.00 (before brevity penalty, which then
lowers it for being short). - ROUGE-1 (recall): 3 matched / 4 in reference = 0.75.

Same texts, different numbers — because BLEU divides by what you said and ROUGE by what you should have
said. This is the single most-tested BLEU/ROUGE distinction.

Exam-style questions

o Explain why a low perplexity does not guarantee a useful assistant. (cause: perplezity only measures next-
token prediction quality — mechanism: it is blind to reasoning, instruction-following, tool use, factuality,
and safety — consequence: a model can predict tokens well yet fail real multi-turn, tool-using tasks.)

o Application: You ship an agent that books flights via APIs and it frequently calls the wrong endpoint.
Which benchmark targets this, and what does a low score tell you? (benchmark: 72-bench (tool-use,
e.g. Airline domain); a low score indicates unreliable multi-step tool calling — the dominant real-world
failure mode — not a reasoning deficit.)
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MCQs

Q40. BLEU and ROUGE differ primarily in that: A. BLEU is for code, ROUGE for images. B. BLEU
measures n-gram precision (translation), ROUGE measures n-gram recall (summarization). v C. BLEU needs
no reference. D. ROUGE ignores n-grams. Why: BLEU divides matches by generated n-grams; ROUGE divides
by reference n-grams.

Q41. Perplexity is best described as: A. accuracy on MMLU. B. exponentiated cross-entropy — the model’s
average uncertainty per token. v' C. a safety metric. D. tool-call success rate. Why: perplexity = exp(cross-
entropy), an intrinsic measure of next-token prediction; lower is better.

Q42. Pass@k is the metric of choice for: A. translation. B. summarization. C. code generation (HumanEval).
v' D. toxicity. Why: it measures the probability that at least one of k generated programs passes hidden unit
tests.

Q43. MMLU mainly measures: A. tool-calling reliability. B. broad multiple-choice knowledge & reasoning
across b7 subjects. v C. translation quality. D. summarization recall. Why: MMLU is 4-choice accuracy across
STEM /humanities/social-science/professional subjects.

Q44. 7%-bench (Tau-2) evaluates whether a model: A. predicts the next token well. B. acts like a reliable agent,
correctly calling sequences of tools/APIs. v' C. translates between languages. D. minimizes perplexity. Why: it
tests multi-step tool use across domains like Retail/Airline/Telecom — agentic reliability.

Q45. Which is a stated limitation of academic benchmarks? A. They are too small to run. B. Contamination
and saturation can make scores overestimate real performance. v' C. They measure user experience directly.
D. They require BF16. Why: leaked test data inflates scores and saturated benchmarks (MMLU >90 %) lose
discriminative power.

Q46. “No single number summarizes LLM quality” implies evaluation should be: A. based on perplexity alone.
B. multi-dimensional (intrinsic 4 task-level + capability + safety). v' C. done once before release. D. limited to
MMLU. Why: different metrics capture different, weakly-correlated aspects of quality.

QA47. A model with great MMLU but failing your production workflow most likely needs: A. a smaller vocabulary.
B. practical-capability evaluation in your real domain/modality/workflow. v  C. lower precision. D. a new
tokenizer. Why: academic scores poorly predict product success; test the actual deployment conditions.

Chapter Cheat Sheet

Formulas (memorize, with symbols):

Name Formula

Cross-entropy loss £ =—7,1og Py(w; | w_,)

Perplexity PPL = e* (nats) = 22 (bits)

Softmax + temperature P, =e#/T) Zj ei/T

Attention softmax(QK " /\/d,) V

Multi-head Concat(heads) W€, d,, = d/h

Cosine similarity w-v/(|ulllv]); unit vectors: ||a — 9|? = 2 — 2 cos
Sinusoidal PE sin / cos(pos/10000%/%)

KV cache 2Ny dpeqa - bYes g ers - Mgy

Training FLOPs C~6ND

Chinchilla D* ~ 20N* — with C =6ND: N* = ,/C/120
Adam training memory ~ 16 bytes/param (weights, grads, master, m, v)
Bradley—Terry Py, = v;) =0(r, —1m)

RLHF objective max E[ry] — B Dgy, (7))

DPO loss —log o (B[log ﬁtzs(@’;ﬂj) —log ;:Z%l))])
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Quick numbers: 1 token ~ 0.75 English words - LLaMA-3: 128k vocab, 15 T tokens, GQA-8 - attention cost
O(n%d) - warmup — cosine decay - PPO clip ~ 0.2 - pass@k for code.

Top traps: 1. Forgetting \/ch (and it is the square root, not d;). 2. Masking after softmax instead of before.
3. Cosine vs. Euclidean disagree on unnormalized vectors; agree in ranking after L2 normalization. 4. Top-k =
fixed count; top-p = adaptive mass; both need renormalization. 5. Gradient accumulation saves memory, not
FLOPs. 6. Chinchilla-optimal # deployment-optimal (LLaMA over-trains on purpose). 7. SFT learns from
demonstrations; RLHF/DPO learn from preferences. 8. Perplexity is tokenizer-dependent; contamination is a
data-side problem.

Difficult English < asat: alignment — Jar@g-s=s; supervised — SgR&NE; preference — #/g™; reward — T%;
logit — softmax-a3 =g st cw; hallucination — B ©2y; deduplication — 2FaRfE-wersRe; saturation —

ST el /TS
Rapid-fire self-check (cover the right column):

Prompt One-line answer

Why sub-word instead of word tokenization? bounded vocabulary 4+ no out-of-vocabulary, short
sequences for frequent strings

What does the embedding matrix’s row ¢ contain? the learned vector of token ¢ (one-hot times FE)

Cosine of orthogonal vectors? 0.00

Unit vectors: relation distance <> cosine? [ —3)? = 2 — 2cos — same ranking

Order of attention steps? scores — scale — mask — softmax — weighted sum
of values

Shape of attention weights / output? (n,n) / (n,d,)

What breaks without positional encoding? word order invisible (permutation equivariance)

RoPE rotates which matrices? queries and keys only, never values

GQA’s main saving? KV-cache memory and bandwidth at inference

T=0,T=1,T — c0? greedy, unchanged softmax, uniform

Top-p with confident top token (p exceeded alone)?  nucleus = that single token, probability 1.00

Training FLOPs rule? C~6ND

Adam training memory rule? ~ 16 bytes per parameter

Chinchilla allocation given C'? N*=,/C/120, D* = 20N*

SET’s blind spot? no better-vs-worse signal, imitation ceiling

Why the KL term in RLHF? leash to reference — prevents reward hacking /
mode collapse

DPO’s implicit reward? Blog(my/m.¢) on each answer

Perplexity of average cross-entropy H nats? efl (“effective branching factor”)

Contamination is whose fault? the training data’s (decontaminate the corpus)

Extended-Topics Cheat Sheet (night-before-exam, one line each)

Topic The one thing to remember

Data bias Model learns correlations, not truth; training
amplifies mild data asymmetries

Language bias GPT-4 best in English because English is
overrepresented (same model, data artefact)

Vocab granularity char = no OOV but long; subword = best
balance; word = short but huge vocab + OOV

Vocab size small vocab — longer sequences — more compute;

large vocab — more embedding memory
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Topic

The one thing to remember

Tokenizer + model
Context window

One-hot limits
Embedding layer
Norm vs direction
Word2Vec

Attention advantages
Semantic distortion

Post-LayerNorm
Pre-LayerNorm

FLOPs (6ND)
CPU vs GPU
Precision
H100

DP / TP / PP

70B in BF16
Base model

Two-stage
SFT limits

Kaplan (2020)
Chinchilla (2022)
Compute#Deploy
Perplexity

BLEU vs ROUGE

Pass@k

MMLU / BIG-Bench / HumanEval

72-bench

Eval takeaway

inseparable — cannot swap tokenizer after training
max input+output tokens; fixed architectural
property; overflow — drop/summary/RAG

all orthogonal (no relation), dimensionality
explosion, no generalization

a linear projection of one-hot; meaning lives in
distances & directions

norm = frequency/generality, direction ~
meaning — use cosine

skip-gram: predict context from center word;
static (no context)

kills info bottleneck, shortcut gradients,
interpretable attention maps

positional encoding only slightly shifts direction
(embedding magnitude >> positional)

norm on residual path — unstable past ~24 layers
identity residual path — 1004 layers (GPT-3,
LLaMA)

2 forward + 4 backward per param-token; width
quadratic, depth linear

training is memory-bound + massive parallel
matmul — needs GPU Tensor Cores

BF16 = FP32 range + FP16 memory; standard
since 2021; FP16 needs loss scaling

Tensor Cores + huge bandwidth + NVLink; ~€35k
each

split data / weight-matrices / layers; ZeRO
shards states to cut DP redundancy

~ 140 GB of weights — can’t fit on one GPU
output of pretraining (e.g. LLaMA 3.1 8B: 32 layers,
hidden 4096, 32 heads, 128k ctx)

pretrain (expensive, once) — align (cheap, iterated)
imitation only, no negative feedback,
fluency+#truth — needs RLHF/DPO

“scaling works”, but overestimated size,
underestimated data

scale N and D equally, ~ 20 tokens/param;
GPT-3 was undertrained

inference paid forever — overtrain small models
(>100 tokens/param)

exp(cross-entropy); intrinsic only — blind to
reasoning/safety

BLEU = precision (translation); ROUGE =
recall (summarization)

code: P(>1 of k samples passes unit tests);
Pass@1=0.30 — Pass@5~0.917

57-subject MCQ / ~200 off-distribution tasks / 164
Python tasks

agentic tool-use reliability
(Retail/Airline/Telecom)

no single number; evaluate multi-dimensionally in
your real workflow
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Sl [ TAET GREAGIE AIFIT TG o Fo-R[fo*w  afSsr fy arewor sy MCQ 3t “Explain why” aosg e —
T FACIT OF AR IR VI3 SEF &I T T

Mock Exam — Chapter 2

Time guide: =~ 55 minutes for this chapter’s share. Use the technical terms from the lecture. Do not use
abbreviations. Round numeric answers to 2 decimal places. Non-programmable calculator allowed. For multiple-
choice questions exactly one option is correct.

Level 1 — Basic (5 MCQs + 3 definitions, 1 pt each)

Q1.1 (Embeddings). Let u = (3,4) and v = (4,3). Which value is the cosine similarity of v and v? a) 1.00 b)
0.96 ¢) 0.50 d) 24.00

Q1.2 (Tokenization). Which statement best describes why modern large language models use byte-level
Byte-Pair Encoding? a) It guarantees that every word of every language is a single token. b) It produces
the linguistically optimal segmentation into morphemes. ¢) It eliminates out-of-vocabulary failures because any
string is representable as bytes, while keeping frequent strings short. d) It makes the vocabulary smaller than a
character-level vocabulary.

Q1.3 (Attention). Which statement best describes the purpose of dividing by \/@ in scaled dot-product
attention? a) It normalizes the attention weights so each row sums to one. b) It keeps the variance of the
query—key dot products near one, preventing softmax saturation and vanishing gradients. c¢) It reduces the
computational complexity from quadratic to linear. d) It enforces the causal mask.

Q1.4 (Sampling). Which statement best describes the difference between top-k and top-p (nucleus) sampling?
a) Top-k renormalizes probabilities, top-p does not. b) Top-p keeps a fixed number of tokens, top-k keeps a
variable number. ¢) Top-k keeps a fixed number of tokens, while top-p keeps the smallest set whose cumulative
probability reaches the threshold, so its size adapts to the distribution’s shape. d) Top-p is deterministic, top-k
is stochastic.

Q1.5 (Alignment). Which statement best describes Direct Preference Optimization? a) It trains a separate
reward model and then optimizes the policy with Proximal Policy Optimization. b) It fine-tunes the model on
ideal demonstration answers with cross-entropy loss. ¢) It optimizes the policy directly on preference pairs with
a closed-form supervised loss in which the policy’s own log-probability ratios act as an implicit reward. d) It
removes the need for a reference model.

Q1.6 (Definition, tokenization). Define the term vocabulary of a language model in one or two sentences.
Q1.7 (Definition, sampling). Define the term temperature in the context of decoding in one or two sentences.

Q1.8 (Definition, alignment). Define the term reward model in one or two sentences.

Level 2 — Intuitive: “Explain why...” (3 pts each — answer as cause — mechanism — consequence)

Q2.1. Explain why the dot products in self-attention are divided by the square root of the key dimension before
the softmax is applied.

Q2.2. Explain why deduplication of the pretraining corpus improves the generalization of a large language
model.

Q2.3. Explain why sampling with temperature approaching zero becomes deterministic.

Level 3 — Harder numerical application (5 pts each — show every intermediate step, 2 decimals)

Q3.1 (Self-attention by hand). Two tokens, d;, = 2, causal masking. Given
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compute the attention output: raw scores, scaled scores, masked scores, attention weights, and output rows.

Q3.2 (Byte-Pair Encoding). Corpus with frequencies: hug:10, pug:5, hugs:5. Words are split into characters
with an end-of-word marker </w>. Perform the first three merges of the Byte-Pair Encoding training algorithm.
For each merge give the full pair-count table (or at least all pairs with count > 5), the selected pair, and the
corpus state after the merge. Then state how “hug” and “hugs” are tokenized after these three merges.

Q3.3 (Perplexity). A model assigns the true next tokens the probabilities 0.40, 0.20, 0.10, 0.50, 0.25. Compute
the average cross-entropy in nats and in bits, and the perplexity. Interpret the perplexity value in one sentence.

Level 4 — Transfer (TU-hard, slightly beyond the slides; 5 pts each)

Q4.1 (Long-context serving). Your team serves a 32-layer model with 32 attention heads, head dimension
128, keys and values stored in 16-bit floating point, and wants to offer a 131,072-token (128k) context window
on GPUs with 80 GB of memory, of which 14 GB are already taken by the weights. (a) Compute the key—value
cache size per request for standard multi-head attention. (b) Explain why this makes 128k contexts infeasible
and how grouped-query attention with 8 key—value heads changes the calculation. (¢) Name one quality-related
trade-off.

Q4.2 (Alignment failure analysis). A start-up replaces its supervised-fine-tuned support chatbot with a ver-
sion further trained by reinforcement learning from human feedback. After deployment, the new model produces
noticeably longer, flattering answers that users initially rate higher, but the rate of factually wrong answers in-
creases, and all answers start to sound the same. Explain both phenomena with the lecture’s terminology, explain
why supervised fine-tuning alone did not show them, and propose two countermeasures from the lecture.

Level 5 — Coding (write runnable Python; solutions verified)

Q5.1. Implement causal scaled dot-product attention in numpy as a function causal_attention(Q, K, V)
returning (output, weights). Verify it reproduces the worked example of Section 2.5 (Q, K,V as given there;
expected weights row 2 ~ (0.33, 0.67), output row 2 ~ (2.34, 3.34)).

Q5.2. Implement a top-p sampler top_p_filter(probs, p) that returns the renormalized distribution and the
kept indices. It must keep the smallest set whose cumulative probability is > p and must handle the edge case
where the most probable token alone already exceeds p (the returned set must then contain exactly that one
token, with probability 1.00). Demonstrate on [0.40, 0.25, 0.15, 0.10, 0.06, 0.04] with p = 0.90 and on
[0.95, 0.03, 0.02] with p = 0.90.

Solutions

Level 1 A1.1 — b) 0.96. w-v =3-4+4-3 =24 |u| = v9+16 = 5.00, |v|] = v16+9 = 5.00.
cos = 24/(5.00 x 5.00) = 24/25 = 0.96. Distractors: (a) would require parallel vectors; (d) is the bare dot
product without norm division — the classic error.

A1.2 — ¢). Byte-level Byte-Pair Encoding starts from the 256 byte values, so any string has a representation (no
out-of-vocabulary), and the learned merges give frequent strings short token sequences. (a) is false — rare words
still split into multiple tokens; (b) BPE is a greedy frequency heuristic, not morphological; (d) byte/character
base vocabularies are comparable, and BPE then adds merge symbols.

A1.3 — b). Dot products of d,-dimensional vectors have variance proportional to d; dividing by +/d;, keeps
the score variance near one, so the softmax stays in its sensitive region and gradients do not vanish. (a) is the
softmax’s own job; (c) complexity stays O(n?d); (d) masking is a separate additive step.

Al.4 — c). Top-k: fixed candidate count. Top-p: smallest prefix of the sorted distribution with cumulative
mass > p — adaptive size (small when the model is confident, large when uncertain). Both renormalize; both
are stochastic.
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A1.5 — c). DPO substitutes the closed-form optimal policy of the Kullback—Leibler-regularized objective back
into the Bradley—Terry preference likelihood, yielding a supervised loss without an explicit reward model or
reinforcement-learning loop. (d) is false — the frozen reference model appears explicitly in the loss.

A1.6 (Vocabulary). The vocabulary is the fixed, finite set of all tokens (sub-word units, bytes, special symbols)
that the tokenizer can emit and the model can read and produce; each token has an integer identifier, and the
embedding matrix and output layer have one row/column per vocabulary entry.

A1.7 (Temperature). Temperature is a scalar T' that divides the logits before the softmax, P, o exp(z;/T);
values below one sharpen the distribution toward the most probable token (more deterministic), values above

one flatten it (more diverse), and the limit 7" — 0 recovers greedy decoding.

A1.8 (Reward model). A reward model is a network — typically a language-model backbone with a scalar
output head — trained on human preference pairs with the Bradley—Terry loss to predict how strongly a human
would prefer a given answer to a prompt; it then serves as the reward signal when optimizing the policy in
reinforcement learning from human feedback.

Level 2 (cause — mechanism — consequence) A2.1 (,/d, scaling). Cause: a query-key score is a sum
of d;, products; for roughly unit-variance, independent components its variance grows linearly with d, so raw
scores become large in magnitude for realistic head sizes. Mechanism: the softmax of large-magnitude inputs
saturates — it assigns almost all weight to one position — and in the saturated region the softmax’s derivatives
are almost zero, so almost no gradient flows to the query and key projections. Consequence: training stalls or
becomes unstable for large d, ; dividing the scores by \/@ restores variance ~ 1, keeps the softmax in its sensitive
range, and makes attention trainable independently of the head dimension.

A2.2 (Deduplication — generalization). Cause: web corpora contain the same documents many times
(mirrors, boilerplate, spam), so without deduplication some documents are seen tens or hundreds of times during
training. Mechanism: each repetition contributes gradient weight, so the model allocates capacity to memorizing
those exact sequences and the effective training distribution is skewed toward duplicated (often low-quality)
content; unique informative documents receive relatively less weight, and test material that circulates online may
be memorized outright (contamination). Consequence: removing exact duplicates (hashing) and near-duplicates
(MinHash) frees capacity and compute for diverse, unique text, reduces verbatim regurgitation and privacy risk,
and yields measurably better held-out and benchmark performance — i.e., better generalization for the same
training budget.

A2.3 (Temperature — 0 determinism). Cause: sampling draws from P; x exp(z;/T), and as T shrinks
every logit difference is amplified by the factor 1/T. Mechanism: for the largest logit 2; and any other z;,
the probability ratio is exp((z; — 2;)/T) — oo as T — 07, so after normalization the maximum-logit token’s
probability tends to 1.00 and all others to 0.00. Consequence: the sampler picks the argmax token with certainty
— sampling degenerates into greedy decoding; the output is reproducible but loses all diversity (and can fall into

repetition loops).

Level 3 (full worked solutions) A3.1 (Attention by hand).

Step 1 — raw scores S = QK" (row = query, column = key): S;; =2-14+0-1=2; S, =2-0+0-1= 0;
Sy =0-142-1=2;5,,=0-0+2-1=2.
2 0
5=(3 %)

1.41 0.00)

Step 2 — scale by V2 =1.41: §' = <1.41 141

141 1.41

Step 3 — causal mask (entry row 1, column 2 — —oc0): S” = (1'41 _OO).

Step 4 — softmax per row. Row 1: weights (1.00,0.00). Row 2: equal scores — e!*4! each, so weights (0.50,0.50).
Step 5 — output O = AV: Row 1: 1.00(2,0) = (2.00, 0.00). Row 2: 0.50(2,0) + 0.50 (0,2) = (1.00, 1.00).
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1.00 0.00 2.00 0.00
A_<0.5o 0.50)’ O‘<1.oo 1.00)

A3.2 (BPE). Initial corpus: h u g </w> x10,p u g </w> x5, h u g s </w> X5.

Merge 1. Pair counts: (u,g) = 104545 = 20; (h,u) = 10+5 = 15; (g,</w>) = 10+5 = 15; (p,u) = 5; (g,s) = 5;
(s,</w>) = 5. Select (u, g) — ug. State: h ug </w> x10, p ug </w> x5, h ug s </w> X5.

Merge 2. Counts: (h,ug) = 1045 = 15; (ug,</w>) = 1045 = 15; (p,ug) = 5; (ug,s) = 5; (s,</w>) = 5. Tie
between (h,ug) and (ug,</w>) — broken by first appearance: select (h, ug) — hug. State: hug </w> x10, p ug
</w> x5, hug s </w> x5.

Merge 3. Counts: (hug,</w>) = 10; (p,ug) = 5; (ug,</w>) = 5; (hug,s) = 5; (s,</w>) = 5. Select (hug, </w>)
— hug</w>. State: hug</w> x10, p ug </w> x5, hug s </w> X5.

Tokenizations after 3 merges: “hug” — [hug</w>] — a single token; “hugs” — [hug, s, </w>] — three tokens (no
merge for the rare suffix yet). This illustrates that BPE gives frequent strings short codes and rare strings longer
ones.

A3.3 (Perplexity).

Nats: —In(0.40,0.20,0.10,0.50,0.25) = (0.92, 1.61, 2.30, 0.69, 1.39). H = (0.92+ 1.61 +2.30 +0.69 + 1.39) /5 =
6.91/5 = 1.38 nats. PPL = 3% = 3.98.

Bits: —log,p = (1.32, 2.32, 3.32, 1.00, 2.00); H, = 9.96/5 = 1.9 bits; PPL = 2! — 398 (base-
independent).

Interpretation: on average the model is as uncertain as if it were choosing uniformly among 3.98 equally likely
tokens per step.

Level 4 (transfer) A4.1 (128k KV cache). (a) Key—value cache per token per layer = 2 X ny, X dpenq ¥
bytes = 2 x 32 x 128 x 2 = 16,384 B = 16 KiB. Over 32 layers: 512 KiB per token. For 131,072 tokens:
512KiB x 131,072 = 64.00 GiB per request. (b) Weights (14 GB) + 64 GiB cache ~ 78+ GB — a single
128k request exhausts the 80 GB GPU, leaving nothing for activations or a second user; throughput collapses
to ~1 concurrent request and the memory bandwidth spent streaming the cache dominates latency. Grouped-
query attention with n,, = 8 divides the cache by 32/8 = 4.00x: 64.00/4 = 16.00 GiB per request — now
several concurrent long-context requests fit, and attention becomes less memory-bandwidth-bound. (c) Trade-off:
sharing key—value heads slightly reduces the diversity of attention patterns (small quality loss vs. full multi-head
attention); mitigated in practice by training with grouped-query attention from the start (LLaMA-3) rather than
converting afterwards. (Multi-query attention, n,, = 1, would give 2.00 GiB but with a larger quality penalty.)

A4.2 (RLHF pathologies). Longer, flattering, but wronger answers — reward hacking via sycophancy: the
policy is optimized to maximize a learned reward model, which is only a proxy for true quality; human raters (and
hence the reward model) systematically over-reward length, confidence, and agreement. The policy discovers these
loopholes and exploits them — reward goes up while factuality goes down. All answers sound the same — mode
collapse: reinforcement-learning optimization concentrates probability mass on the few highest-reward response
styles, collapsing the output distribution’s diversity. Why supervised fine-tuning did not show this: its cross-
entropy objective only imitates fixed demonstrations — there is no reward signal to hack and no optimization
pressure pushing the distribution toward a single style; the model cannot drift beyond its training answers.
Countermeasures (two of): (1) strengthen the Kullback—Leibler penalty 5 to the frozen reference policy, limiting
drift; (2) improve the reward model — train on more diverse preferences, explicitly penalize length/flattery, or
use ensembles; (3) switch to Direct Preference Optimization, whose implicit reward and reference anchoring are
more stable; (4) continuous evaluation/red-teaming for factuality, not only preference win-rate.

Level 5 (coding, verified by execution) Ab5.1 — causal scaled dot-product attention (numpy):

import numpy as np

def causal_attention(Q, K, V):
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d_k = K.shape[-1]

scores = Q @ K.T / np.sqrt(d_k) # scale

n = scores.shape[0]

mask = np.triu(np.ones((n, n), dtype=bool), k=1) # future positions

scores = np.where(mask, -np.inf, scores) # mask BEFORE softmaz
scores = scores - scores.max(axis=-1, keepdims=True) # numerical stability
w = np.exp(scores)

w =w / w.sum(axis=-1, keepdims=True) # row-wise softmaz

return w @ V, w

Q = np.array([[1., 0.1, [0., 1.11)
K = np.array([[1., 0.1, [1., 1.11)
V = np.array([[1., 2.1, [3., 4.11)
out, w = causal_attention(Q, K, V)
print(np.round(w, 4)) # [[1. 0. J [0.3302 0.6698]]
print(np.round(out, 4)) # [[1. 2. ] [2.3395 3.3395]]

assert np.allclose(w, [[1, 0], [0.3302, 0.6698]], atol=le-4)
assert np.allclose(out, [[1, 2], [2.3395, 3.3395]], atol=le-4)

Output matches the hand computation of Section 2.5: weights (1.00, 0.00) and (0.33, 0.67); outputs (1.00, 2.00)
and (2.34, 3.34). Key implementation points: scale by 4/d,, mask before softmax with —oo, subtract the row
max for numerical stability.

A5.2 — top-p sampler with the “confident top token” edge case:

import numpy as np

def top_p_filter(probs, p):
order = np.argsort(probs) [::-1] # sort descending
cum = np.cumsum(probs [order])
cutoff = int(np.searchsorted(cum, p)) + 1 # smallest set with cum >= p
keep = order[:cutoff]
q = np.zeros_like(probs)
ql[keep] = probs[keep]
return q / q.sum(), sorted(keep.tolist())

probs = np.array([0.40, 0.25, 0.15, 0.10, 0.06, 0.04])
q, kept = top_p_filter(probs, 0.90)
print(kept, np.round(q, 4)) # [0,1,2,3] [0.4444 0.2778 0.1667 0.1111 0. 0.]

edge = np.array([0.95, 0.03, 0.02]) # top token alone exzceeds p
g2, kept2 = top_p_filter(edge, 0.90)
print(kept2, np.round(q2, 2)) # [0] [1. 0. 0.]

The + 1 after searchsorted is the crux: the nucleus must include the token whose addition first reaches the
threshold. When the most probable token alone has mass > p (0.95 > 0.90), searchsorted returns 0, the cutoff
is 1, and the sampler keeps exactly that token with renormalized probability 1.00 — top-p then degenerates
gracefully into greedy decoding instead of returning an empty set (the edge case naive implementations get
wrong).

End of Chapter 2. Figures:  figures/ch02_attention_heatmap.png, ch02_transformer_block.png,
ch02_kv_head_sharing.png, ch02_softmaz_temperature.png, ch02_top_p_cutoff.png, ch02_lr_schedule.png.
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Self-test answer key (Q1-Q47)

1-B-2B-3B-4B-5B-6B-7B-8B-9-D-10-B:-11-B-12-B-13-C-14-B-15-B - 16-B - 17-B - 18-B
-19-B - 20-B - 21-B - 22-B - 23-B - 24-B - 25-B - 26-B - 27-B - 28-B - 29-B - 30-C - 31-B - 32-B - 33-B - 34-B -
35-B - 36-B - 37-B - 38-B - 39-B - 40-B - 41-B - 42-C - 43-B - 44-B - 45-B - 46-B - 47-B

The 47 MCQs above test only the extended topics. For 504 intuitive MCQs covering all of Chapter 2
(original + extended), see Chapter_02_MCQs. The correct-answer letters here are intentionally varied
in the full bank — don’t pattern-match “mostly B”; that is an artefact of how options were ordered
in this supplement, and is fixed in the dedicated MCQ bank.

End of Chapter 2 Extended supplement.
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