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Chapter 4: Retrieval-Augmented Generation (RAG)

PDFs mapped: AI_Engineering. WS20252026_ Ch2.12part2-Ch4part1l.pdf (Sections 4.0—
4.1), Chdpart2.pdf (4.1-4.4), Chdpart3-Ch5.1.pdf (4.5-4.9 and bridge to Chapter 5). Code
mapped: 2-1-retrieval.html, 2-2-rag.html. Course: Al Engineering, TU Braunschweig, Win-
ter Semester 2025/26.

How to Use These Notes (Exam Style)

The written exam is 120 minutes, 50 points, in English, with a non-programmable calculator allowed.
Recurring formats:

e Multiple choice with exactly one correct option, usually phrased “Which statement best describes
..”. Eliminate the three wrong options actively — each distractor encodes a typical misconception.

o “Explain why ..” questions (3 points): the grading scheme expects a cause — mechanism —
consequence chain, not a one-liner.

o Mini-cases (5 points): name a technique, justify it for the scenario, and state one trade-off.

e Standing instruction on the cover sheet: “Use the technical terms from the lecture. Do not
use abbreviations.” So in written answers write Retrieval-Augmented Generation, Best Match
25, Hierarchical Navigable Small World, Reciprocal Rank Fusion, approximate nearest-neighbour
search — not RAG, BM25, HNSW, RRF, ANN.

e Numerical answers: round to 2 decimal places unless stated otherwise.
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Chapter Overview and Roadmap

A pretrained large language model is a static snapshot of knowledge. Retrieval-Augmented Generation
fixes three of its biggest weaknesses simultaneously:

1. Outdated knowledge — the training cut-off freezes what the model “knows”.
2. Hallucination — the model produces fluent but fabricated facts.
3. No access to private or domain knowledge — your company’s documents were never in the weights.

The fix: retrieve relevant text chunks from an external store at inference time and condition the gen-
erator on them. Retrieval-Augmented Generation is one of the most-deployed Al-engineering patterns
in industry.

Section Topic Key formula / artefact

4.0 Motivation three failure modes of a bare
model

4.1 Architecture P(y | q, D), six-step pipeline

4.2 Embedding models and cosine similarity, chunk-count

chunking arithmetic

4.3 Vector stores flat, inverted file, graph index,
product quantization

4.4 Retrieval mechanisms Best Match 25, dense retrieval,
Reciprocal Rank Fusion

4.5 Reranking cross-encoder, bi-encoder cost
comparison

4.6 Query decomposition multi-hop sub-questions

4.7 Evaluation Recall@k, Precision@k, Mean
Reciprocal Rank, faithfulness

4.8 Advanced architectures Hypothetical Document

Embeddings, agentic and
graph variants

4.9 Latency and cost latency budget, index updates,
retrieval vs. long context

Connections: builds on Chapter 2.4 (embeddings), 2.7 (decoding), Chapter 3 (prompting); feeds Chap-
ter 5 (agents use retrieval as a tool) and Chapter 6 (when finetuning beats retrieval).
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Beginner intuition (open-book exam story). The student is the language model; the textbook is the
document store; the librarian is the retriever; the answer must cite the textbook. With an open book,
the student does not need to memorize every fact — only how to find the right page. Without retrieval,
the model sits a closed-book exam using only what is compressed in its weights.

Glossary of Key Terms



Term Meaning L&A Example
Retrieval-Augmented  Language model JZEF oW o a7 Ted “answer from my
Generation conditioned on tof documents”
retrieved external
context
Document store Where the source ST SRATHAT Chroma, Weaviate
documents and
chunks live
Chunk A small slice of a =fdg @5 fE 200-800 tokens
document, the
retrieval unit
Embedding Fixed-length vector BIBI (@FF [t 768-dimensional

Vector store
Approximate nearest
neighbour

Flat index

Inverted file index
Hierarchical
Navigable Small
World

Product quantization
Sparse retrieval
Dense retrieval
Hybrid retrieval
Reciprocal Rank

Fusion
Bi-encoder

Cross-encoder

Reranker

Top-k

representation of text
Database indexed for
nearest-neighbour
search

Sub-linear similarity
search with small
recall loss

Exhaustive exact
search over all vectors
Cluster vectors, probe
only some clusters
Multi-layer graph
index, logarithmic
search

Compress vectors into
a few bytes of codes
Term-overlap scoring
over an inverted index
Embedding similarity
(cosine) search
Combine sparse and
dense rankings

Fuse ranked lists
using only ranks

Two independent
encoders; similarity
via cosine;
precomputable

One model reads
query and chunk
together; joint score
Re-orders top-k
candidates with a
stronger model
Number of candidates
returned by retrieval
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graph or cluster index

brute force
nlist / nprobe

greedy graph descent

512 bytes — 8 bytes
Best Match 25
bi-encoder + cosine

rank fusion

>1/(k+r)

sentence embedder

reranker model

cross-encoder

k = 5-20



Term

Meaning

Example

Context window
Hallucination

Recall@k

Precision@k

Mean Reciprocal

Rank
Faithfulness

Maximum tokens the
generator can read
Fluent but factually
wrong output
Fraction of all
relevant chunks that
appear in top-k
Fraction of top-k that
is relevant

Average of 1/(rank of
first relevant result)
Is the answer entailed
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32,000+ tokens
invented citation

0-1

0-1

ﬁZl/rQ

judge-scored 0—-1

by the retrieved Gilei[e-¥4
context?

Does the answer
actually address the

question?

Answer relevance Te7 F omg o’ judge-scored 0-1

Hypothetical Embed a generated g Tex g odfren query rewriting
Document hypothetical answer,
Embeddings retrieve with it

Graph-based retrieval — Build entity graph, TG-S (@A (e
retrieve connected

subgraphs

multi-hop questions
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4.0 Motivation — Why Retrieval-Augmented Generation
What the lecture says
Three problems with a bare pretrained model:

1. Hallucination — the decoder always produces some fluent continuation; if the fact is not reliably
stored in the weights, it fabricates one. The output is grammatically perfect and factually wrong,
which makes it dangerous.

2. Stale knowledge — parametric knowledge is frozen at the training cut-off; the world moves on.

3. No private data — internal wikis, contracts, tickets and lab protocols were never in the training
set, so no amount of clever prompting can surface them.

Retrieval-Augmented Generation addresses all three with the same mechanism: inject evidence into the
prompt at inference time. The model weights are untouched — no retraining, no finetuning. Updating
knowledge becomes a data-engineering operation (re-index the documents) instead of a machine-learning
operation (retrain the model).



Important nuance for the exam: retrieval mitigates hallucination, it does not eliminate it. The generator
can still ignore or contradict the provided context (a faithfulness failure, Section 4.7).

Tiny code illustration

# Without retrieval (model invents):
def naive llm(question):
return {"FAKE-ANSWER to: {question}”

# With retrieval (model conditions on evidence):
docs = {"tuvalu”: "Funafuti is the capital of Tuvalu.”}
def rag_llm(question, docs):
if 7tuvalu” in question.lower():
return f”From docs: {docs['tuvalu']}
return "I don't know.”

S AT WG ST fSA61 — AT I, [ OW WA, WF oF [FAow (Ol TEs 711 fSA5 aFes ey
Teg e 5 @it wifds arer frer At &oHTE IMTN| NG INATT I, QY T “ (Bl TN AdF 2 LT T O
WA @A — NI TN YIFEAS AT (6T SRS FACS A, O3 YA T g =77 =T 7

4.1 Architecture Overview — The Six-Step Pipeline
Conditional language modelling

Retrieval-Augmented Generation changes nothing inside the transformer. It only changes what the
model is conditioned on:

P(y|q.D)=]]Pw |y a D)

t

Symbol Meaning

q the user query

D ={dy,...,d,} the set of retrieved chunks (top-k)

Yy token t of the generated answer

Yoy all answer tokens generated so far

P(y|q,D) probability of the full answer given query and evidence

Compare with plain generation P(y | ¢): the only difference is the extra conditioning set D. Decoding
(Chapter 2.7) is unchanged — still autoregressive, still one token at a time.

The six steps

Step Phase What happens Typical tooling

1. Ingest offline load documents, clean, parsers, OCR
extract text



Step Phase What happens Typical tooling

2. Chunk offline split into retrieval splitter
units (200-800 tokens,
overlap)
3. Embed offline bi-encoder maps each  sentence embedder

chunk to a vector

4. Index offline store vectors in a vector store

structure that
supports fast top-k

5a. Retrieve online embed the query with approximate
the same model, nearest-neighbour
search top-k search and/or Best
Match 25
5b. Rerank online (optional) cross-encoder reranker
re-orders the
candidates
5c. Assemble online select, truncate, order  prompt builder

chunks under the
token budget

6. Generate online autoregressive the language model

decoding conditioned
on the context

Two phases matter for cost analysis: the offline phase is paid once per corpus (and again on updates);
the online phase is paid on every query. Anything you can move offline (chunk embeddings, index
construction) amortizes; anything online (query embedding, search, reranking, generation) adds to
per-query latency.

Knowledge is explicit at inference time (visible chunks you can cite and audit), not implicit in the
weights.

Trace of one query through the pipeline

Concrete walkthrough you can reproduce in an exam answer:

1.

Offline, done earlier: 1,000 documents — 12,000 chunks of 400 tokens — 12,000 embeddings of
dimension 768 — indexed.

User asks: “What is the default value of the fusion constant in Reciprocal Rank Fusion?”
Embed query with the same bi-encoder used for the chunks (a different model would place the
query in an incompatible vector space — classic failure).

. Retrieve: approximate nearest-neighbour search returns the top 50 chunks by cosine; Best Match

25 returns its own top 50; the lists are fused.

Rerank: the cross-encoder scores all fused candidates against the query; keep the best 5.
Assemble: 5 x 400 = 2,000 context tokens + instructions + question = 2,500 prompt tokens;
best chunk placed first; each chunk tagged [source: doc_017, sec 3].

Generate: the model answers “k = 60” and cites doc 017. If the context had not contained the
fact, the instructed behaviour is to answer “not found in the provided documents” — refusal is a
valid grounded answer.



RAG pipeline: offline indexing + online retrieval-augmented generation

OFFLINE (indexing time)

1. Ingest 2. Chunk 3. Embed 4. Index
documents (400 tok, overlap) (bi-encoder) (vector store)

Tndex serves retrieval

ONLINE (query time)

Query 5a. Retrieve 5b. Rerank 5c. Assemble 6. Generate
(embed q) top-k (ANN/BM25) (cross-encoder) context LLM answer

Figure 1: Six-step RAG pipeline: offline indexing feeds online retrieval, reranking, assembly and gen-
eration
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End-to-end mini implementation

import numpy as np

docs = |
"Byte pair encoding is a sub-word tokenization algorithm.”,
"Rotary position embedding rotates query and key vectors.”,
"Reinforcement learning from human feedback trains a reward model.”,
]
def embed(text): # stand-in embedder
rng = np.random.default_ rng(abs(hash(text)) % (2%*32))
return rng.normal(size=8)

E = np.array(jembed(d) for d in docs]) # offline: steps 1-4

def retrieve(q, k=2): # online: step ba
ge = embed(q)
sims = E @ ge / (np.linalg.norm(E, axis=1) * np.linalg.norm(qe))
return [docs[i] for i in np.argsort(-sims)][:k]]

def rag(q): # steps 5¢ + 6
ctx = "\n".join(retrieve(q))
return f’PROMPT: Use only the context.\n{ctx}\nQ: {q}\nA:”




4.2 Embedding Models and Chunking
Bi-encoder vs. cross-encoder

e Bi-encoder (dual tower): query and chunk are encoded independently into vectors; similarity is
computed afterwards (cosine or dot product). Because the two sides never see each other inside
the model, all chunk vectors can be precomputed offline and indexed. Cheap per query, slightly
coarse.

o Cross-encoder: one transformer reads the concatenated pair (query, chunk) and outputs a rel-
evance score. Attention flows between query tokens and chunk tokens, so it captures fine in-
teractions (negation, exact constraints). But the score depends on the pair, so nothing can be
precomputed — used only for reranking small candidate sets (Section 4.5).

A better embedding model directly raises Recall@k: if the relevant chunk is embedded far from the
query, no index or reranker downstream can save you.

Cosine similarity — symbols and worked example (sample-exam topic)

uew
) = o]

Symbol Meaning

u-v dot product . u,v;

[ Euclidean norm /> u?

range [—1, 1]; for non-negative vectors [0, 1]

Cosine measures the angle between vectors and ignores their length — two texts about the same topic
point in the same direction even if one is longer.

Worked example. Query embedding ¢ = (2,1,0) and three chunk embeddings:

dl = (1? 170)7 d2 = <O7 17 1>a d3 = <2a0a 1)

Norms first: [g| = VAT 1T+0 = v5 ~ 2.24; ;]| = V2 ~ L4L; |dy]| = v2 ~ 141, ds | = V5 ~ 2.24.

Denominator
Chunk Dot product ¢-d; |q|d;]| Cosine Rank
d, 2:-141-140=3 2.24x1.41=3.16 3/3.16 =0.95 1
dy 0+14+0=1 2.24x1.41=3.16 1/3.16 =0.32 3
d, 4404+0=4 2.24%2.24 =500 4/5.00=0.80 2

Final retrieval ranking: d; (0.95) > d5 (0.80) > dy (0.32).

Note the trap: ds has the largest dot product (4 > 3) but d; has the largest cosine — normalization
changes the ranking. This is exactly why you must normalize embeddings (or use unit vectors) before
cosine retrieval.
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Dense retrieval: query lands near its topic cluster; top-k = nearest chunks
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Figure 2: 2D embedding space with topic clusters, query star and circled top-5 nearest neighbours



Chunking and context segmentation
Hard rules from the lecture:

e Too short — a chunk loses its surrounding context, becomes ambiguous (“It increased by 12%”
— what did?).

e Too long — a chunk mixes topics; the embedding becomes a blurry average and retrieval precision
drops; it also wastes the generator’s token budget.

o Typical: 200-800 tokens with 10-20% overlap so that facts straddling a boundary survive in at
least one chunk.

o Strategies: fixed-size windows, sentence-boundary splitting, recursive splitting on structure (head-
ings — paragraphs — sentences), and per-slide / per-section chunking when documents have
natural units.

Chunk-count arithmetic (worked)

With document length L tokens, chunk size C, overlap O, the window advances by the stride S = C—0O
each step. The number of chunks is

L-C
Mehunks = | &7 ) +1
Worked example: L = 2000, C' = 400, O = 100 = S = 300.

(2000 — 400
n=|———

300 —‘+1:(5.33]+1:6+1:7Chunks

Check by listing start positions: 0, 300, 600, 900, 1200, 1500, 1800 — seven windows; the last covers
tokens 18002000 (truncated). Storage effect: 7 x 400 = 2800 chunk-tokens for a 2000-token document
— overlap costs about 40% extra embedding and storage here.

def chunk(tokens, size=400, overlap=100):
out, i, step = [|, 0, size - overlap
while i < len(tokens):
out.append (tokens|i:i + size])
1 += step
return out

A A IR Y (@B T SANF T, Y7 IG A WS {TW N aweafEr arems =z 1w — o183 TR (R00-boo
BIFT) A T, AR AR S @ A1 FI6T AT OIS SR AT (@ I @b Tzt Girer AfSI7 quong
(% — @oens) andt, o3 [(L— C)/(C' — O)] + 11 3w Fifek (Sorzs i ares) Facs et 71

4.3 Vector Stores and Index Structures

A vector store indexes embeddings for fast top-k lookup. Four index families appear in the lecture; the
recurring theme is the speed <« recall <+ memory triangle.

Flat (brute force) — exact, worked cost

Compare the query against every stored vector: per query roughly N - d multiply-add operations,

i.e. about 2Nd floating-point operations, plus the final top-k selection. Complexity O(N - d).

10



Worked example: N = 1,000,000 chunks, d = 768.

« Operations per query: 2 x 10% x 768 = 1.54 x 10° floating-point operations.

« On hardware sustaining 10'° operations/second: 1.54 x 109/10'° ~ 0.15 s per query — too slow
for interactive search, and it scales linearly with .

o Memory at 32-bit floats: 10° x 768 x 4 B = 3.07 GB.

Flat search is still the right choice for small corpora (up to roughly 105 vectors) because it is exact
(Recall = 1.00) and has zero build cost.

Inverted file index — cluster then probe (worked trade-off)

Build: cluster all vectors into nlist cells (k-means centroids). Search: compare the query to the nlist
centroids, then scan only the nprobe closest cells.

Worked example: N = 1,000,000, nlist = 1024, nprobe = 8.

e Expected vectors scanned: N - % =10% x 10% ~ 7813.

o Total distance computations: 1024 (centroids) + 7813 = 8837 — about 113x fewer than flat
search.

e The catch: if the true nearest neighbour sits in a cell that was not probed, it is silently missed —
recall < 1.00. Raising nprobe raises recall and cost simultaneously; nprobe = nlist degenerates

to flat search.

Hierarchical Navigable Small World — graph index

A multi-layer proximity graph: sparse upper layers for long hops, dense bottom layer for precision.
Search descends greedily from the top layer. Expected query complexity O(log N) — for N = 106,
log, N ~ 19.93 ~ 20 greedy descents, a few thousand distance evaluations in total, typically ~1 ms.
Build is more expensive, O(N log N), and the graph adds memory for the edges, but it supports
incremental inserts and gives high recall at high speed — the production default beyond ~10° vectors.

Product quantization — compression (worked)

Split each d-dimensional vector into m subvectors of d/m dimensions; quantize each subvector to its
nearest centroid out of 2" (a codebook learned per subspace); store only the centroid indices.

Worked example: d = 128, m = 8 subvectors, 8 bits per subvector.

o Each subvector of 128/8 = 16 dimensions is replaced by one byte (an index into 256 centroids).
e Compressed size: m x 1 B =8 B per vector.

Uncompressed 32-bit floats: 128 x 4 = 512 B per vector.

o Compression ratio: 512/8 = 64x.

At 100 million vectors: 51.20 GB — 0.80 GB — the index now fits in memory.

Price paid: distances are computed between approximations, so ranking quality (recall) degrades
slightly; often combined with an inverted file (IVF-PQ) and a re-scoring pass on exact vectors.

Tuning knobs you should be able to name

11



Index

Parameter

Effect when increased

Inverted file

Inverted file
Graph index
Graph index
Graph index

Product quantization

nlist (number of clusters)

nprobe (cells searched)
M (edges per node)
efConstruction
efSearch

m, bits per code

finer partition; cheaper scans
per cell but more centroid
comparisons; needs more

training data

recall T, latency T; nprobe =
nlist = flat search
recall T, memory 7T, build time

1

build-time candidate-list size:
graph quality 7T, build time 7
query-time candidate-list size:
recall T, latency 1

finer codes: accuracy T,
compression |

Every knob trades the same three currencies: speed, recall, memory. An exam answer that names the
knob and the currency it spends gets the point.

Comparison table (memorize)

Search
Index complexity Exact? Memory Use when
Flat O(N -d) yes full vectors N < 10%, need
exactness
Inverted file O((nlist + N - no full vectors + mid-size, tunable
”f;l:.‘;lze) -d) centroids speed /recall
Hierarchical ~ O(log N - d) no vectors + graph  large N, low
Navigable Small edges latency, frequent
World inserts
Product sub-linear with no bytes per vector = memory-bound,
quantization codes N =108
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4.4 Retrieval Mechanisms — Sparse, Dense, Hybrid

Sparse retrieval: Best Match 25 — full formula

BM25(q, d)

= IDF(t)-

ft,d) (ky +1)

teq flt,d)+ky (1—b+b- [d] )

12
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IDF(t) = 1n(N—n(t)+0.5>
n(t) + 0.5

Symbol Meaning Typical value
f(t,d)  frequency of term ¢ in document d —
|d| length of document d in tokens —
avgdl average document length in the corpus —
N total number of documents —
n(t) number of documents containing ¢ —
kq term-frequency saturation parameter 1.5 (range 1.2-2.0)
b strength of length normalization 0.75
+0.5 smoothing in the inverse document frequency fixed

Three mechanisms to be able to explain:

1. Inverse document frequency with +0.5 smoothing: rare terms (small n(t)) get large weight; the
+0.5 terms prevent division by zero and infinite weights for unseen terms.

2. Saturation via ky: the factor fgﬁrli;l) grows with f but is bounded by k; +1 — the 10th occurrence
of a term adds far less than the 1st. Small k; — saturates almost immediately (near-binary
matching); large k; — closer to raw term frequency.

3. Length normalization via b: documents longer than average get their effective term frequency
discounted (b = 1: full normalization; b = 0: none), so long documents cannot win just by

containing more words.

Best Match 25 worked end-to-end (toy corpus)

Corpus (N = 3), query = “neural retrieval”, parameters k; = 1.5, b = 0.75:

Doc  Text |d|  f(neural,d) f(retrieval,d)
D,  “neural networks learn neural representations” 5 2 0
D,  “sparse retrieval ranks documents” 4 0 1
D,  “dense vectors encode semantic meaning” 5 0 0

Step 1 — corpus statistics. avgdl = (5 +4 + 5)/3 = 14/3 = 4.67. Both query terms appear in exactly
one document each: n(neural) = 1, n(retrieval) = 1.

Step 2 — inverse document frequency (same for both terms).

3-1405 _ 25
IDF=In 2"~ "2 _ 1522 —1n(1.67) = 0.51
B iTos Mg - (67 =05

Step 3 — score D, (only “neural” matches, f =2, |d| = 5):

o Length ratio: |d|/avgdl = 5/4.67 = 1.07.

e Denominator add-on: k(1 —b+b-1.07) = 1.5 x (0.25 4 0.75 x 1.07) = 1.5 x 1.05 = 1.58.

: s, 2x(1.54+1) _ 5.00 _
e Saturation fraction: 5158 — 358 — 1.40.

e Score: 0.51 x 1.40 = 0.71.

13



(b=0)

flki+1)
f+k,

saturation factor

BM25 term-frequency saturation: extra occurrences give diminishing gains

3.0 A

asymptote ky + 1 (for k;

2 4 6
term frequency f(t, d)

10

Figure 3: BM25 term-frequency saturation curves for k1 = 0.5, 1.2, 2.0
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Step 4 — score Dy (only “retrieval” matches, f =1, |d| = 4):

o Length ratio: 4/4.67 = 0.86 (shorter than average — mild boost).
e Denominator add-on: 1.5 x (0.25 4+ 0.75 x 0.86) = 1.5 x 0.89 = 1.34.
« Saturation fraction: %22 = 25 —1,07.

1+1.34 — 2.34
e Score: 0.51 x 1.07 = 0.55.

Step 5 — score D5: no query term occurs, f = 0 for both — BM25(q, D5) = 0.00.
Final ranking: D, (0.71) > D, (0.55) > D4 (0.00).

Saturation check: if D; contained “neural” only once (f = 1), its score would be 0.51 x 1+21'7§58 =
0.51 x 0.97 = 0.49. Doubling the term frequency raised the score from 0.49 to 0.71 — a factor of 1.45,

not 2.00. That is k,-saturation in action.

import math
def bm25(query, docs, k1=1.5, b=0.75):
toks = [d.lower().split() for d in docs]
N, avg = len(toks), sum(map(len, toks)) / len(toks)

scores = ||
for d in toks:
s =0.0

for t in query.lower().split():
f = d.count(t)
n_t = sum(1l for dd in toks if t in dd)
idf = math.log((N-n t + 0.5) / (n_t + 0.5))
s +=1idf *f* (kl+1)/(f+kl*(1-b+ b *len(d) / avg))
scores.append(round(s, 2))
return scores # [0.71, 0.55, 0.0] for the toy corpus above

A A FHATST FETBT A RNF worsar: (s) [Faet = &fF wfst — IDF; (1) 933 =71 IRQF AT A% IS AH
— ky MEEEE (> I S 2 IR T 0.85 — 0.9, {aer 77!); (o) 7 TFH6 AvfAroz I =0 417, ©1F ST 7T
FH — b - ARG | ATHIT 4ot 4ot (rdre: =t avgd] s IDF, oo afsft spmess f[GafNemte, ey aq
— AfSS s ferdret P Ta8 Afvs)

How Best Match 25 improves on plain term-frequency—inverse-document-frequency weighting

Term-frequency—inverse-

Aspect document-frequency Best Match 25
Term frequency linear (10 occurrences = 10x saturating, bounded by k; + 1
weight)
Document length optional cosine normalization  explicit, tunable via b against
avgdl
Rare-term weight log(N /n(t)) smoothed In %
Tunability none k, (saturation), b (length)

Same family of ideas — Best Match 25 is the probabilistically motivated, tunable refinement, and the
default lexical baseline to this day.
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Dense retrieval

Embed query and chunks with the bi-encoder; rank by cosine (Section 4.2). Strengths: paraphrases
(“car” ~ “automobile”), cross-lingual matching, conceptual similarity. Weakness: rare exact tokens
(product codes, error identifiers, names) get smoothed into the surrounding semantics — the embedding
has no dedicated dimension for “XJ-4711".

Query type Sparse (Best Match 25) Dense (bi-encoder)
“error code XJ-4711" wins (exact rare token) often misses

“how do I make my model misses (no term overlap with  wins (semantic match)
stop inventing facts” “hallucination”)

cross-lingual question, English  fails (no shared tokens) wins (shared embedding
corpus space)

legal clause with exact wins risky

citation “§ 433”

Hybrid retrieval and Reciprocal Rank Fusion (worked)

Sparse and dense fail on different queries, so combine them. Score scales are incomparable (Best Match
25 scores vs. cosines), so fuse ranks, not scores:

F(d k= default
RR lgts:l T rankl 60 (default)

The constant k& damps the influence of top ranks (without it, rank 1 would dominate everything);
documents missing from a list simply contribute nothing from that list.
Worked example, k = 60, two ranked lists:

e Best Match 25 ranking: A, B,C, D
e Dense ranking: B, D, FE, A

Doc Sparse rank — term Dense rank — term RRF score Final rank
A 1—-1/61=0.0164 4 — 1/64=0.0156 0.0164 + 0.0156 = 0.0320 2

B 2 — 1/62 =0.0161 1 —1/61=0.0164 0.0161+0.0164 = 0.0325 1

C 3 —1/63=0.0159 — 0.0159 4 (tie)

D 4 —1/64=0.0156 2 —1/62=0.0161 0.0156 +0.0161 = 0.0318 3

E — 3 —1/63=0.0159 0.0159 4 (tie)

Fused ranking: B > A > D > C = E. Document B wins because it is good in both lists, even though it
tops only one. (The individual scores differ only in the third or fourth decimal place — keep 4 decimals
during the computation, then round the final comparison.)

Key property for the exam: Reciprocal Rank Fusion uses only ranks, so it is invariant to any monotone
transformation of the underlying scores — no score calibration between sparse and dense systems is
needed.

Alternative: weighted score fusion. score(d) = o - 8ypee(d) + (1 — @) - 8 ap50(d) on normalized scores
(e.g. min—max per list). More expressive than rank fusion (it can encode “trust the dense system
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more”, a > 0.5), but it requires score normalization and an extra hyperparameter to tune — exactly
the calibration burden that Reciprocal Rank Fusion avoids. Default engineering advice from the lecture:
start with rank fusion; switch to weighted fusion only with evaluation data to tune « on.

Reciprocal Rank Fusion: only ranks matter, not raw scores

BM25 ranking Dense ranking RRF fused (k = 60)
1. A (1/61) 1.B (1/61) 1.B 0.0325
2.B (1/62) T —=2b-ms2) | 2. A 0.0320
3.C (1/63) — 3. E (1/63) 3.D 0.0318
4.D (1/64) 4. A (1/64) 4.C=E 0.0159

score(d) = > i, k= 60
lists

Figure 4: Reciprocal Rank Fusion of a sparse and a dense ranked list with k = 60

| [ sparse WA dense-9F FIF QAR M 9FE (961 BM25 o819, SIS0 @1R) — SRR Qs
T T AN SR @R (e T 8y [E IR I W AR sifewn @ 1% B, of v @R 1/(60 + ) o, sReR
TFA| 43 SIfBIes GIBRG S AT THFTs (B) aFfors siferm [rg swwiitre sq«if¥s soorsee e o —
9BIR RIRRFreR S|

4.5 Reranking and Context Assembly
Two-stage design: recall first, precision second

o Retrieval stage (bi-encoder + index, or Best Match 25): cheap, scans millions of chunks, deliber-
ately tuned for recall — cast a wide net (top 50-100), accept noise.

o Reranking stage (cross-encoder): expensive, sees only the candidates, tuned for precision — re-
score each (query, chunk) pair jointly and keep the best 5-10.

A reranker can only reorder the candidate set: it raises precision but can never recover a chunk the
retrieval stage missed. Recall is bounded by the retrieval stage.
Bi-encoder vs. cross-encoder cost — worked latency estimate

Assume one transformer forward pass costs ¢, = 10 ms and the corpus has N = 1,000,000 chunks.

Strategy Online work per query Latency
Bi-encoder + approximate 1 forward pass (embed query) 10+ 5 =15 ms
nearest-neighbour index + index search (~5 ms)
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Strategy Online work per query Latency

Cross-encoder over the whole N forward passes: ~ 2.78 h — infeasible
corpus 10% x 10 ms = 10* s

Two-stage: retrieve top 100, 15 ms + 100 x 10 ms ~1.02s

cross-encode 100

Two-stage: retrieve top 20, 15 ms 4+ 20 x 10 ms ~0.22s

cross-encode 20

Why the asymmetry: the bi-encoder’s chunk embeddings are precomputed offline — at query time only
the query is embedded and compared via fast vector math. The cross-encoder’s score is a function of
the pair, so there is nothing to precompute: each candidate costs one fresh forward pass at query time.
That is the entire reason rerankers are restricted to small k.

An LLM-as-reranker (prompt a large model to order candidates) is even slower and even more accurate
— same trade-off, one step further.

Context assembly under a token budget

Select the top-n reranked chunks that fit the budget, deduplicate near-copies, and order them deliber-
ately: models attend most to the beginning and end of the prompt (“lost in the middle”, bowl-shaped
attention) — so place the best chunk first or last, never buried in the middle. Add source identifiers
so the answer can cite.

I JPTAT: Y2 AR AW-Reremor W7 A 731 &9 (bi-encoder) AL AN 5% (T (MGG S00BT AT — T IS
R el; wift &9t (cross-encoder) G2 SooBl WA Ty 7t &A1 BT A1 cross-encoder At (T B FA1
T I, I CHIFIOT H-BIF (SIS BIRFT — &% T WS 21 (TSI (31 T N7 @ Far-ngg a9y sronw, [igera
T A S (FAMCS A J1 — recall M LR ABEE T

def two_ stage(query, store, cross_encoder, k_ retrieve=100, k_ final=5):
candidates = store.search(embed(query), k=k_ retrieve) # recall stage
scored = [(cross_encoder(query, c), ¢) for ¢ in candidates] # precision stage
return [c for _, ¢ in sorted(scored, reverse=True)[:k_ final]]

4.6 Query Decomposition
Hard questions often need evidence that no single chunk contains. Decompose:

e Decompose-then-retrieve: split “Who supervised the doctoral thesis of the founder of company
X?” into (1) “Who founded company X?” — answer P; (2) “Who supervised the doctoral thesis
of P?7” Retrieve separately, then combine.

¢ Retrieve-decompose-retrieve loops: the answer to sub-question 1 parameterizes sub-question 2,
so retrieval must be interleaved with generation — a first step towards agentic behaviour (Chapter
5).

Related query transformations: query expansion (add synonyms), query rewriting (turn conversational
follow-ups into standalone queries — “what about its latency?” — “what is the latency of the Hierar-
chical Navigable Small World index?”).
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def multi_hop(question, llm, retrieve):
subgs = llm(f”Split into sequential sub-questions: {question}”)
notes = |]
for sq in subgs:
sq_filled = lm(f”Fill placeholders using notes {notes}: {sq}”)
notes.append((sq_filled, retrieve(sq_ filled)))
return llm(f”Answer {question} using {notes}”)

Sl AT A BIR T BT (93 — A% A TN (e 9 7, FIN AT QNRITe 7t wemn s SRR
IS PTG T o (STe G &est (Il (Tt WL 49 T8 2[4 2% (o 36! 98 “offer — St
— ST (e’ 53R AIET WIS QTSEed G

4.7 Evaluating Retrieval-Augmented Generation

Evaluate the two stages separately: a bad answer can come from bad retrieval or from bad generation,
and the fix differs.

Retrieval metrics — all on one toy example

Ground truth: relevant chunks for the query are {d,, ds,dy} (3 relevant in total). System returns top-5:
[d77 d27 d97 dl: d3 ]

Recall@k — of all relevant chunks, how many did we surface in the top k7

1 .
Recall@k — | relevant N top-k |

| relevant |

Hits in top-5: dy (rank 2) and dg (rank 3) — 2 hits; d; was missed.
2 2 0
Recall@b = 3= 0.67 Recall@3 = 3= 0.67 Recall@1 = 3= 0.00

Precision@k — of the k returned, how many are relevant?

| relevant N top-k |
k

Precision@k =

2 2
Precision@j5 = £ =0.40 Precision@3 = 3 =0.67

Reciprocal Rank — how high is the first relevant result? First hit is d, at rank 2 - RR = 1/2 = 0.50.

Mean Reciprocal Rank averages this over a query set:

1 1
MRR = — ) —
‘Q| qeQ Tq

If a second query has its first relevant chunk at rank 1 (RR = 1.00):
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. 1.
MR = 05100 o

Sanity properties: Recall@k never decreases as k grows; Precision@k typically decreases as k grows;
Mean Reciprocal Rank only cares about the first hit.

Normalized discounted cumulative gain (mentioned in the lecture, worked briefly). Unlike Recall@k, it
rewards placing relevant items higher:

k
rel; DCGQk
DOG@k =Y — i DOG@k = —o 2o
G ;10g2(i+ n "PCYR=1pcaar

For the same toy run, top-3 = [dy, dy, dg] with binary relevances (0, 1,1):

—_0 1 1 —
e DOG@3 = s + g + 5y = 0+ 0.63+0.50 = 1.13

e Ideal ordering puts relevant items first: IDCGQ3 = % + ﬁ + % =14+0.634+0.50 =2.13
« nDCG@3 =1.13/2.13 = 0.53

Interpretation: the run found two of three relevant chunks (decent recall) but wasted rank 1 on an
irrelevant chunk — the position discount cuts the score roughly in half.

Recall@k grows with k; hybrid fusion dominates either method alone

1.0 - i ;_;;1% ==
! -
.I"'"-.-—'-.-
0.8 -
0.6 - ;
T i 5
8] [
[0} =
“ 04 x
' ¥ &
! HE=%
Vi e
/! H
‘I
0.2 -
—m - sparse (BM25)
dense (bi-encoder)
—a— hybrid (RRF)
0.0 T T I T T T
1 3 5 10 15 20

k (number of retrieved chunks)

Figure 5: Recall@k as a function of k for sparse, dense and hybrid retrieval
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Generation metrics

o Faithfulness (groundedness): is every claim in the answer entailed by the retrieved context?
Scored 0-1 by a judge model or a natural-language-inference model. Catches the case “retrieval
was perfect, the generator hallucinated anyway”.

o Answer relevance: does the answer actually address the question (regardless of whether it is
grounded)? An answer can be perfectly faithful to the context yet off-topic — and a direct,
on-topic answer can be unfaithful.

o Context precision / context relevance: how much of the retrieved context was actually useful —
measures retrieval noise reaching the generator.

e Frameworks: RAGAS, ARES, TruLens; failure modes: empty retrieval, irrelevant retrieval, faith-
fulness failure, citation drift.

Crucial distinction: faithfulness # factual correctness. Faithfulness compares answer <+ context. If the
context itself is wrong or outdated, a perfectly faithful answer is still factually wrong. Factuality needs
trusted corpora or external checks.

def recall at_ k(retrieved, relevant, k):
return len(set(retrieved[:k]) & set(relevant)) / len(relevant)

def mrr(runs): # runs = list of (retrieved_list, relevant_set)
total = 0.0
for retrieved, relevant in runs:
rr = next((1/r for r, d in enumerate(retrieved, 1) if d in relevant), 0.0)
total += rr
return total / len(runs)

Sl AT BIBT (WG B9 AtET $ed: RecallQk — I omif5s % Wit ©IF 9 Of9t 431 91%e; Precision@k —
T 4 AT O IO Ot W d1ee; Mean Reciprocal Rank — & sifdsstt ¥ $9itg; Faithfulness — wtwer
S AfS13 a5t (I Iy, IS IR WK AW TF A6: faithful T3 wfds 73 — a5t Fres ga o [
w8 gl retrieval-a3 SIS @F generation-ag AN WIEWT FE NS T, FIFS TS WAl |

4.8 Advanced Retrieval-Augmented Generation Architectures
The lecture’s framing: a trend of increasing autonomy in the retrieval loop.

1. Hypothetical Document Embeddings: queries and answers live in different “registers” — a short
question embeds far from the long factual passage that answers it. Trick: let the model write
a hypothetical answer first, embed that, and retrieve with it. The hypothetical answer may be
factually wrong; it only has to be stylistically and semantically shaped like the target passage.

def hyde(query, llm, embed, store):
hypothetical = llm(f”Write a plausible paragraph answering: {query}”)
return store.search(embed (hypothetical), k=5)

2. Self-querying / query rewriting: the model reformulates the user’s query (adds filters, resolves
pronouns, extracts metadata constraints like year > 2023) before retrieval.

3. Agentic / multi-step retrieval: the model decides what to retrieve, whether the evidence suffices,
and when to retrieve again or stop — retrieval becomes a tool in a loop (Chapter 5). Cost:
multiple model calls per question, unbounded latency.
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4. Graph-based retrieval (Graph-RAG): offline, extract entities and relations into a knowledge graph
(often with community summaries). Online, retrieve connected subgraphs instead of isolated
chunks. Wins on multi-hop questions whose evidence is spread over documents that share entities
but not vocabulary — similarity search cannot jump between them, graph traversal can.

5. Hierarchical retrieval: index summaries of sections/documents; first retrieve at the summary level,
then drill down to the chunks beneath the winning summaries. Helps very large or very structured
corpora (e.g. legal codes).

Sl AT LA ABAART 9T AT (AT — 2N GibeT A GTB13 Yol | SFO TSNS Nooe ek cdrong afears
=% o: HyDE-s st w1 $ex o ot i ofiter (ga were Sipfot! 3% ez e 29), agentic TR
o 5 T WT F© AGT YO, WF graph AHICE THITHI INCA TAHT Tl 40T BT I — I-4IF AT (T6T
AR | FIFFO! IO AT, FHIO! OO G — ANV AF6 WIF GRS

4.9 Retrieval Latency, Cost, and System Considerations
The latency budget

End-to-end latency = embed query + search index 4+ rerank + assemble 4 generate. Typical shape:

Stage Typical latency Scales with

Query embedding 5-20 ms model size

Index search 1-50 ms N, index type, nprobe / ef
parameters

Cross-encoder rerank 100-1000 ms kx forward-pass time

Generation 1-10 s output length x time per
token (+ prefill o context
length)

Generation usually dominates — but note that stuffing more chunks into the prompt increases prefill
time and cost, so retrieval quality (fewer, better chunks) directly buys generation speed.

Worked budget. Query embedding 10 ms + graph-index search 5 ms + cross-encoder rerank of 20
candidates at 10 ms each = 200 ms + generation of 300 output tokens at 20 ms/token = 6,000 ms.
Total ~ 10 + 5 + 200 4+ 6000 = 6,215 ms, of which generation is 6000/6215 = 96.54%. Lesson:
optimizing the index from 5 ms to 1 ms is invisible; trimming the context (faster prefill) or streaming
tokens to the user changes perceived latency far more.

Retrieval vs. long context — cost per query (worked)
Corpus: a 250,000-token manual. Model price: $3.00 per million input tokens.

« Long-context approach (paste the whole manual every time): 250,000 x $3.00/10° = $0.75 per
query — plus a very long prefill.

o Retrieval approach (top-5 chunks x 400 tokens + ~500 tokens of prompt and question ~ 2,500
tokens): 2,500 x $3.00/106 = $0.0075 per query.

o Ratio: 0.75/0.0075 = 100x cheaper per query, before caching.

Long context still wins when the corpus is small, every part of it matters (whole-document summariza-
tion, contract comparison), or engineering an index is not worth it. Retrieval wins on large corpora,
high query volume, and freshness.
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Keeping the index fresh

e Full rebuild: re-chunk, re-embed, re-index everything. Simple, consistent, expensive — fine
nightly for small corpora.

o Incremental upsert: insert/update/delete individual chunk vectors (graph indexes support inserts
well; deletions often become tombstones that degrade the structure until a periodic rebuild).

e Delta index: new documents go into a small fresh index searched alongside the main one; merge
periodically.

o Consistency trade-off: between update and re-index, queries may retrieve stale or deleted content
— the answer cites a document version that no longer exists. Mitigations: timestamp metadata
filters, versioned indexes with atomic swap.

e Remember the dual cost of any document change: the embedding compute and the index main-
tenance.

Caching

Cache (query — retrieved set) for popular queries, cache embeddings of repeated texts, and use the
model provider’s prompt caching for the static prompt prefix.

SeTl AT FHTBN-BIY (MUteT oS U8 WAel: St W AfSA 2noe $o.qe, W o G 7R 2,600
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Derivations and Proof Sketches (TU-hard corner)
Where the Best Match 25 inverse document frequency comes from

The binary independence model scores a document by the log-odds that its terms appear in relevant
vs. non-relevant documents:

p(t| R)(1-p(t| R))
p(t| R)(1—p(t|R))

w(t) = log

With no relevance information, assume p(t | R) = 0.5 (the first fraction cancels) and estimate p(t |
R) ~ n(t)/N (the term’s overall document frequency). Adding 0.5 to each count for smoothing (a
continuity correction that keeps the estimate finite when n(t) = 0 or n(t) = N) gives

N —n(t)+05

w(t) =log — 505

— exactly the inverse-document-frequency factor of Best Match 25. Note it goes negative when n(t) >
N/2: a term in more than half the documents is evidence against relevance; many implementations
clamp it at zero or add +1 inside the logarithm.

Why Reciprocal Rank Fusion is invariant to monotone score transformations

Let f be strictly increasing and let s;(d) be the scores in list . Ranks are defined by comparisons:
rank;(d) < rank;(d") iff s;(d) > s;(d"). Applying f preserves every comparison (f(s) > f(s') < s>
s’), hence preserves every rank, hence preserves every term 1/(k + rank;(d)) and the fused ordering.
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Consequence: the sparse system can report scores in [0,25] and the dense system cosines in [—1,1] —
fusion is unaffected, which is precisely why no calibration step is needed.

Why reranking cannot raise recall (one-line proof)

Let C' be the candidate set returned by retrieval and R the relevant set. The reranker outputs a
permutation of C, so its output set is still C'; hence |R N C| — the numerator of recall — is unchanged
by any reranker, while precision at small k£ can improve by moving the relevant members of C' to the
front.

el T FSAGI (®IB oI — JITHIF I IO WS Q9| (@QAF3 Wil [IDF SIoe SISRa d5-o6s (A
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=

Real-World Deployment Patterns and Limitations

Use case Design choices that matter

Internal documentation question answering small corpus — flat or graph index; hybrid
retrieval; nightly re-index

Customer support assistant frequently-asked-questions + tickets + product

docs; reranker is critical (noisy corpus); strict
citation format

Legal contract assistant long structured documents — hierarchical
retrieval; citations mandatory; staleness
guarantees (Section 4.9)

Coding assistant code-aware chunking (functions/classes as
units); small fast embedding model;
exact-identifier queries favour sparse retrieval

Web-search answer summaries web-scale index; freshness pipeline; aggressive
caching
Compliance and audit faithfulness checks on every answer;

trusted-source filtering; versioned indexes

Hard limitations to state in mini-cases:

1. Retrieval-Augmented Generation cannot answer what is not in the corpus — it relocates the
knowledge problem, it does not solve coverage.

2. Prompt injection via documents: a retrieved chunk may contain adversarial instructions (“ignore
your previous instructions and ...”); the generator reads it as context with near-instruction author-
ity. Mitigations: treat retrieved text as data (delimiters, instruction hierarchy), sanitize corpora,
restrict tool use (Chapters 5 and 7).

3. Latency stack-up: every added stage (rerank, multi-hop, agentic loops) multiplies per-query la-
tency.

4. Garbage in, garbage out: contradictory or outdated documents produce faithful-but-wrong an-
swers; corpus curation is part of the system.
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Choosing between retrieval, finetuning, and long context

Retrieval-Augmented

Criterion Generation

Finetuning (Chapter
6) Long context

re-index — minutes
excellent

Knowledge freshness
Private/dynamic facts

Style/format/behaviour weak
change

Per-query cost low (small context)

Traceability /citations  natural
Upfront engineering index + evaluation
pipeline

paste latest — instant
good for small corpora

retrain — days
poor (bakes in a

snapshot)

excellent weak

lowest (no context) highest

none possible but unaided
training pipeline + none

data

Rule of thumb from the lecture: knowledge — retrieval; behaviour — finetuning; small static corpus +
global tasks — long context. They compose: a finetuned model can sit inside a retrieval pipeline.

@t Ir RR- Ay @@ GRE6R o wE: 4t ‘[ e’ saEs retrieval, ‘S /Wit Inere” g
finetuning, “c@IG T, @B AFMA MATS TR’ B3 long context! W FARFOR Sifdt AT WSS QF6!
trade-off Stge Face Q& 91 — & + S + trade-off, @3 7 A6 7971

Exam-Focused Summary

Topic

Memorize

Conditional language modelling
Six-step pipeline

Cosine
Best Match 25

Reciprocal Rank Fusion
Index types

Chunk count

Bi vs. cross encoder

Retrieval metrics
Generation metrics

Reranking bound

Pyl ¢, D) =TI, Py |y a4, D)

ingest — chunk — embed — index | retrieve —
rerank — assemble — generate

m; normalize first; angle not length

inverse document frequency (+0.5 smoothing)
x saturation (k;) x length norm (b)

>, 1/(k +rank;), k = 60; ranks only,
monotone-invariant

flat O(Nd) exact; inverted file nlist/nprobe;
graph O(log N); product quantization 64 x
compression

[(L=C)/(C=0)]+1

precompute offline vs. N forward passes per
query

Recall@k, Precision@k, Mean Reciprocal Rank
faithfulness (answer <« context), answer
relevance (answer <> question)

raises precision, can never raise recall

Common traps:

1. Ranking by dot product when the question asks for cosine — normalize first.



Forgetting the +1 in the chunk-count formula, or forgetting to take the ceiling.

Confusing Recall@k (denominator = number of relevant) with Precision@k (denominator = k).
Claiming a reranker improves recall — it cannot; it only reorders.

Treating faithfulness as factual correctness — context itself can be wrong.

Adding raw Best Match 25 scores to cosine scores instead of fusing ranks.

Believing retrieval eliminates hallucination — it only reduces it.

Ignoring prompt injection through retrieved documents (a document can carry adversarial in-
structions).

&t g RS s @3 GRes iy Ao F3e @ AfSH iR om T G @ T T G SE /0!
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Thirty-second flashcards

e Q: What does Retrieval-Augmented Generation change in the model? — A: Nothing in the
weights; only the conditioning set: P(y | ¢, D).

¢ Q: Two reasons to chunk with overlap? — A: Facts straddling a boundary survive; chunks keep
local context.

e Q: Why normalize before cosine? — A: Cosine compares angles; unnormalized dot products
favour long vectors and can change the ranking.

e Q: What bounds the Best Match 25 saturation factor? — A: k; + 1.

e Q: What does b = 0 mean? — A: No length normalization; b = 1 is full normalization.

e Q: Why +0.5 in the inverse document frequency? — A: Smoothing — avoids division by zero
and unbounded weights for terms in zero or all documents.

¢ Q: Inverted file index misses a neighbour — when? — A: When the true neighbour lies in a cell
not among the nprobe probed cells.

¢ Q: Product quantization with d = 128, m = 8, 8 bits — bytes per vector? — A: 8 bytes vs. 512
bytes uncompressed, 64 x.

e Q: Why can a reranker never raise recall? — A: It only reorders the retrieved candidate set;
missed chunks stay missed.

e Q: Reciprocal Rank Fusion constant and default? — A: k in 1/(k + rank), default 60; damps the
dominance of rank 1.

e Q: Faithfulness vs. answer relevance? — A: Answer <> context entailment vs. answer <> question

pertinence.
o Q: Recall@k as k — corpus size? — A: Tends to 1.00; precision tends to (number relevant)/N.
e Q: When does long context beat retrieval? — A: Small corpus, global tasks (summarize every-

thing), low query volume.
e Q: Hypothetical Document Embeddings in one line? — A: Embed a generated hypothetical
answer instead of the query; shape matters, truth does not.

Mock Exam — Chapter 4

Time guide: ~45 minutes for this chapter’s share. Use the technical terms from the lecture. Do
not use abbreviations. Round numerical results to 2 decimal places unless asked otherwise. A non-
programmable calculator is allowed.
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Level 1 — Basic (multiple choice and definitions)

Q1.1 (1 pt). Which statement best describes what Retrieval-Augmented Generation changes about a
pretrained language model?

o (a) It updates the model weights with new documents at inference time.
e (b) It conditions the unchanged generator on retrieved external context at inference time.
e (c) It replaces autoregressive decoding with nearest-neighbour lookup of answers.
e (d) It compresses the document collection into the model’s weights.
Q1.2 (1 pt). Which statement best describes the difference between a bi-encoder and a cross-encoder?

e (a) The bi-encoder scores the query—document pair jointly; the cross-encoder encodes them
independently.

e (b) The bi-encoder encodes query and document independently so document vectors can be
precomputed; the cross-encoder reads the pair jointly and must run one forward pass per
pair at query time.

(c) Both can precompute document representations; the cross-encoder is simply larger.
e (d) The cross-encoder is used for indexing and the bi-encoder for reranking.
pt). Which index structure always returns the exact nearest neighbours?

1
o (a) Inverted file index with nprobe < nlist.
(

e (d) Product quantization codes.
Q1.4 (1 pt). Which statement about Reciprocal Rank Fusion is correct?
e (a) It requires calibrating the sparse and dense scores to a common scale.
e (b) It uses only the rank positions, so any monotone transformation of the underlying scores

leaves the fused ranking unchanged.
e (c) It weights each list by its raw score variance.
o (d) It can only fuse exactly two ranked lists.

Q1.5 (2 pts). Define faithfulness of a generated answer in a Retrieval-Augmented Generation system,
and state how it differs from factual correctness.

Q1.6 (2 pts). Define Recall@k with its formula and state what happens to it as k increases.

Level 2 — Intuitive (“Explain why ...”, 3 pts each: cause — mechanism — consequence)

Q2.1. Explain why hybrid retrieval outperforms purely dense retrieval on queries containing rare exact
terms such as product codes or error identifiers.

Q2.2. Explain why the retrieval stage is tuned for recall while the reranking stage is tuned for precision,
and not the other way around.
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Q2.3. Explain why cross-encoder relevance scores cannot be precomputed offline the way bi-encoder
document embeddings can.

Level 3 — Harder (numerical, 5 pts each, show every step)

Q3.1 (Recall and Mean Reciprocal Rank). A test set has two queries. Query 1: relevant chunks {a, c};
system returns [b,a,d, c,e]. Query 2: relevant chunk {f}; system returns [ f, g, h,4,j]. (a) Compute
Recall@3 for each query. (b) Compute the Reciprocal Rank for each query and the Mean Reciprocal
Rank over the test set.

Q3.2 (Best Match 25). Corpus statistics: N = 10 documents, the query consists of the single term
“tensor” with n(tensor) = 2, average document length avgdl = 60. Parameters k; = 1.2, b = 0.75.
Document A: f =3, |d| = 90. Document B: f =1, |d| = 30. Compute both scores (2 decimals), give
the ranking, and explain why tripling the term frequency did not triple the score.

Q3.3 (Fusion and compression). (a) Fuse with Reciprocal Rank Fusion (k = 60): sparse list [X,Y, Z],
dense list [Y, Z, W]. Give all scores to 4 decimal places and the final ranking. (b) A store holds 10
million vectors with d = 768 in 32-bit floats. Compute the memory footprint, then the footprint under
product quantization with m = 96 subvectors at 8 bits each, and the compression ratio.

Level 4 — Transfer (TU-hard, 5 pts each)

Q4.1 (Retrieval vs. long context). A support team answers 10,000 queries per month against a 250,000-
token product manual. Input tokens cost $3.00 per million. Compare the monthly input-token cost
of (i) pasting the full manual into every prompt and (ii) a retrieval pipeline that sends 2,500 tokens
per query. Then name two situations in which the long-context approach is still the better engineering
choice.

Q4.2 (Graph-based retrieval). “Which professor supervised the doctoral thesis of the founder of the
company that acquired DeepStart?” — explain why a standard similarity-based pipeline fails on this
question and how graph-based retrieval addresses it. Name one cost of the graph approach.

Q4.3 (Index staleness mini-case). A legal-tech firm updates 2% of its 5-million-chunk corpus daily;
answers must never cite withdrawn documents. Propose an indexing/update strategy (technique -+
justification + trade-off).

Level 5 — Coding (worked solutions below; outputs verified by execution)

Q5.1. Implement cosine top-k retrieval with NumPy over a toy corpus of 5 chunk embeddings and
evaluate Recall@2 and Mean Reciprocal Rank for two queries with known relevant sets.

Q5.2. Implement Reciprocal Rank Fusion (k = 60) merging a sparse ranking and a dense ranking, and
print the fused scores.

Solutions

Level 1 Al.1— (b). The transformer and its weights are untouched; only the conditioning set changes:
P(y | q, D) instead of P(y | q). (a) describes finetuning; (c) abolishes generation; (d) describes pretrain-
ing.
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A1.2— (b). Independence of the two towers is exactly what makes offline precomputation and indexing
possible; joint attention over the pair is what makes the cross-encoder accurate and non-precomputable.
(a) swaps the definitions; (c) is false for the cross-encoder; (d) reverses the pipeline roles.

A1.3 — (c). Flat search compares the query with every vector — exact by construction, cost O(N - d).
The inverted file index can miss neighbours in unprobed cells; the graph index is greedy and approximate;
product quantization compares compressed approximations.

Al.4 — (b). score(d) =}, 1/(k + rank,;(d)) consumes ranks only. Monotone transformations of scores
preserve order, hence ranks, hence the fused result. (a) is the problem Reciprocal Rank Fusion avoids;
(d) it generalizes to any number of lists.

A1.5. Faithfulness is the degree (0-1) to which every claim in the generated answer is entailed by the
retrieved context — the answer asserts nothing the context does not support. It differs from factual
correctness because the comparison target is the context, not the world: if the retrieved context itself
is wrong or outdated, a perfectly faithful answer is still factually wrong.

A1.6. RecallQk = % — the fraction of all relevant chunks that appear among the k retrieved.
It is monotonically non-decreasing in k: enlarging the retrieved set can only add hits, never remove

them (at $k = $ corpus size, Recall = 1.00).

Level 2 A2.1. Cause: dense embedding models compress text into a few hundred dimensions trained
on general semantic similarity; a rare token such as “XJ-4711” contributes almost nothing distinctive to
the vector — it is smoothed into the surrounding semantics. Mechanism: sparse retrieval (Best Match
25) scores by exact term overlap weighted by inverse document frequency, and a term occurring in very
few documents receives a very large weight, so the one chunk containing the code dominates the sparse
ranking; hybrid fusion (Reciprocal Rank Fusion) lets that sparse signal reach the final list even when
the dense list misses it. Consequence: the hybrid system retrieves the correct chunk for identifier-style
queries while keeping dense retrieval’s strength on paraphrases — higher recall across both query types
than either method alone.

A2.2. Cause: the two stages face different candidate-set sizes and cost constraints — the first stage
must scan millions of chunks cheaply, the second sees only dozens. Mechanism: any relevant chunk
dropped by the first stage is unrecoverable, because the reranker can only reorder what it is given —
recall is bounded by retrieval; conversely, false positives from the first stage can still be removed later
by the precise (but expensive) cross-encoder. Consequence: errors of omission are fatal in stage one
but errors of inclusion are not, so the cheap stage casts a wide, noisy net (high recall, top 50-100) and
the expensive stage filters it (high precision, top 5). Reversing the tuning would either miss evidence
permanently or make the pipeline computationally infeasible.

A2.3. Cause: a cross-encoder’s relevance score is a function of the pair — query tokens and document
tokens attend to each other inside one forward pass. Mechanism: before the query arrives, the pair
does not exist; there is no query-independent intermediate representation that could be stored, unlike
the bi-encoder, whose document tower runs without the query and whose vectors can be indexed offline.
Consequence: every candidate costs one fresh forward pass at query time — O(k) passes per query —
which is why cross-encoders are applied only to small reranking sets (e.g. 20-100 candidates ~ 0.2-1.0
s) and never to the full corpus (10° passes &~ 2.78 hours per query).

Level 3 A3.1. (a) Query 1, top-3 = [b,a,d]: hits = {a}, so Recall@3 = 1/2 = 0.50. Query 2, top-3

= [f,g,h]: hits = {f}, so Recall@3 = 1/1 = 1.00. (b) Query 1: first relevant is a at rank 2 —
RR; =1/2 = 0.50. Query 2: first relevant is f at rank 1 — RR, = 1.00.
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A3.2. Inverse document frequency (one term, shared by both documents):

—n+05  10-24+05 85
nt0o 00 1080 y(3.40) = 1.22
n+0.5 2405 2.5

IDF =1n N

Document A (f = 3, |d| = 90): length ratio 90/60 = 1.50; denominator add-on k; (1—b+b-1.50) = 1.2 x

(0.25+1.125) = 1.2 x 1.375 = 1.65; saturation fraction ;%2 = 20 = 1.42; score = 1.22x 1.42 = 1.74.

Document B (f =1, |d| = 30): length ratio 30/60 = 0.50; add-on 1.2 x (0.25 + 0.375) = 0.75; fraction

22— 22— 1.26; score = 1.22 x 1.26 = 1.54.

Ranking: A (1.74) > B (1.54). Although A has three times the term frequency, its score is only
1.74/1.54 = 1.13x higher: the saturation factor is bounded by k; +1 = 2.2, so repeated occurrences add
diminishing value, and A is additionally penalized for being longer than average (b-length normalization)
while B is boosted for being shorter.

A3.3. (a) Contributions: rank 1 — 1/61 = 0.0164, rank 2 — 1/62 = 0.0161, rank 3 — 1/63 = 0.0159.

Doc Sparse Dense Total

0.0164 — 0.0164
0.0161 0.0164 0.0325
0.0159 0.0161 0.0320
— 0.0159 0.0159

2N <

Fused ranking: Y > Z > X > W. The two documents present in both lists beat the single-list winners.

(b) Uncompressed: 107 x 768 x 4 B = 107 x 3072 B = 30.72 GB. Product quantization: m = 96
codes x 1 byte = 96 B per vector — 107 x 96 B = 0.96 GB. Compression ratio: 3072/96 = 32x
(each 8-dimensional subvector of 32-bit floats, 32 B, becomes one byte). Trade-off: distances are
computed on approximations, so recall drops slightly; usually mitigated by re-scoring the top
candidates with exact vectors.

Level 4 A4.1. (i) Full manual: 250,000 tokens x $3.00/1076 = $0.75 per query; monthly: 10,000 x
0.75 = $7,500.00. (ii) Retrieval: 2,500 x 3.00/10° = $0.0075 per query; monthly: 10,000 x 0.0075 =
$75.00. Saving: 7,500 — 75 = $7,425.00 per month — a 100x ratio (ignoring the comparatively small
one-time embedding/indexing cost and the retrieval infrastructure). Long context still wins when: (1)
the task needs global views of the document — whole-manual summarization, cross-section consistency
checks — where retrieval’s isolated chunks lose information; (2) the corpus is small, the query volume is
low, or provider-side prompt caching makes repeated context cheap, so the engineering and maintenance
cost of a retrieval pipeline (chunking, index freshness, evaluation) is not justified. (Also acceptable:
prototyping, or when retrieval quality on the domain is known to be poor.)

A4.2. Why similarity search fails: the question requires a chain of facts — acquirer of DeepStart
— founder of that acquirer — thesis supervisor of that founder — that no single chunk contains;
the question’s embedding is not close to any one passage, and the intermediate entities (the acquirer,
the founder) are not even named in the query, so single-shot nearest-neighbour retrieval has nothing
to anchor on. How graph-based retrieval fixes it: offline, entities (companies, people) and relations
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(acquired, founded by, supervised by) are extracted into a knowledge graph; at query time, retrieval
traverses edges — DeepStart — (acquired by)— Company — (founded by) — Person — (supervised by)
— Professor — pulling the connected subgraph (or its community summary) into the context, so the
generator sees the complete chain. Cost: expensive offline construction (entity/relation extraction over
the whole corpus, typically with a language model) plus extraction errors that propagate into answers,
and graph maintenance on every corpus update.

A4.3. Technique: incremental updates with a delta index plus tombstoning and metadata filtering: new
and revised chunks are upserted into a small fresh index that is searched alongside the main Hierarchical
Navigable Small World index; withdrawn documents are immediately marked with tombstones / a
validity flag, and the retrieval layer applies a mandatory metadata filter (status = active) so deleted
content can never be returned even before physical removal; the delta index is merged into the main
index in a periodic (e.g. nightly) rebuild with atomic index swap. Justification: 2% of 5 million chunks
= 100,000 chunks/day — a daily full re-embed and rebuild of all 5 million is wasteful, while pure in-place
deletion in a graph index degrades its structure; the filter, not the index structure, carries the hard
legal guarantee “never cite withdrawn documents”, which makes correctness independent of rebuild
timing. Trade-off: two indexes must be queried and their results fused (extra latency and operational
complexity), tombstones accumulate and reduce index efficiency until the merge, and between upserts
the freshest documents may rank slightly worse in the small delta index (consistency vs. cost: full
rebuilds give a perfectly consistent snapshot but at much higher compute).

Level 5 A5.1 — cosine top-k retrieval + evaluation (executed; output below).

import numpy as np

E = np.array([
[0.9, 0.1, 0.0], # 0: "BM25 sparse retrieval”
[0.8, 0.3, 0.1], # 1: "inverted index term match”
[0.1, 0.9, 0.2], # 2: "dense embeddings cosine”
[0.0, 0.8, 0.4], # 3: "bi-encoder vector search”
[0.2, 0.2, 0.9], # 4: "cross-encoder reranking”

|, dtype=float)

queries = np.array([[0.85, 0.2, 0.05],  # sparse-flavoured query
[0.05, 0.85, 0.3]]) # dense-flavoured query
relevant = [{0, 1}, {2, 3}]

def top_k(q, E, k):
En = E / np.linalg.norm(E, axis=1, keepdims=True) # normalize rows
qn = q / np.linalg.norm(q) # normalize query
sims = En @ qn # cosine = dot of unit vectors
order = np.argsort(-sims)[:k]
return order.tolist(), sims[order|.round(2).tolist()

def recall at_k(ranked, rel, k):
return len(set(ranked[:k]) & rel) / len(rel)

def mrr(all_ranked, all_rel):

rr = ]
for ranked, rel in zip(all_ranked, all_rel):
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rr.append(next((1.0 / r for r, d in enumerate(ranked, 1) if d in rel), 0.0))
return sum(rr) / len(rr)

ranked_lists = ||
for i, q in enumerate(queries):

ranked, sims = top_k(q, E, k=5)

ranked_lists.append(ranked)

print(f”query {i}: ranking {ranked} sims {sims}”)

print(f” Recall@2 = {recall _at_k(ranked, relevant[i], 2):.2f}”)
print(f"MRR = {mrr(ranked lists, relevant):.2f}")

Verified output:

query 0: ranking [0, 1, 2, 4, 3] sims [0.99, 0.99, 0.34, 0.31, 0.23]
Recall@2 = 1.00

query 1: ranking [2, 3, 4, 1, 0] sims [0.99, 0.99, 0.53, 0.42, 0.16]
Recall@2 = 1.00

MRR = 1.00

Both queries place a relevant chunk at rank 1 (Reciprocal Rank = 1.00 each), so the Mean Reciprocal
Rank is 1.00; both relevant chunks per query land in the top 2, so Recall@2 = 1.00. Key implementation
points: normalize both matrix rows and query before the dot product (otherwise it is dot-product
ranking, not cosine), and use argsort(-sims) for descending order.

A5.2 — Reciprocal Rank Fusion merge (executed; output below).

def rrf _merge(list_ a, list_ b, k=60):
scores = {}
for Ist in (list_a, list_b):
for rank, doc in enumerate(lst, 1): # ranks start at 1
scores[doc| = scores.get(doc, 0.0) + 1.0 / (k + rank)
return sorted(scores.items(), key=lambda kv: -kv[1])

sparse = ["D1”, "D4”, "D2”]

dense = ["D3”, "D1”, "D5"]

for doc, s in rrf _merge(sparse, dense):
print(f”{doc}: {s:.4f}")

Verified output:

D1: 0.0325
D3: 0.0164
D4: 0.0161
D2: 0.0159
D5: 0.0159

D1 wins because it appears in both lists (1/61 4 1/62 = 0.0325); every other document appears in only
one list and contributes a single reciprocal term. Note enumerate(lst, 1): starting ranks at 0 is the
classic off-by-one bug in Reciprocal Rank Fusion implementations.
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End of Chapter 4.
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